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Abstract

The non-homogeneous Diophantine equation of degree seven with five unknowns represented by
3 __ 4,3 - 3 _ 3y — _ 2 At

X my 2027 —w) =3 - w) + 6(k"+ 25T s anaivzed for its non-zero distinct integer

solutions. A few interesting relation between the solutions and special numbers namely Polygonal

numbers, Pyramidal numbers, centered Polygonal numbers are exhibited.

Keywords: Integral solutions, heptic, non-homogeneous equation.
M.sc 2000 mathematics subject classification: 11D41

1. Introduction

Diophantine equations, homogeneous and non-homogeneous have aroused the interest of
numerous mathematicians since antiquity as can be seen from I 4 The problem of finding
all integer solutions of a diophantine equation with three or more variables and degree at
least three, in general presents a good deal of difficulties. There is vast general theory of
homogeneous quadratic equations with three variables. Cubic equations in two variables fall
into the theory of elliptic curves which is a very developed theory but still an important topic
of current research. A lot is known about equations in two variables in higher degrees. For
equations with more than three variables and degree at least three very little is known. It is
worth to note that undesirability appears in equations, even perhaps at degree four with fairly
small co-efficients. It seems that much work has not been done in solving higher order
Diophantine equations. In [5-24] a few higher order equations are considered for integral
solutions. In this communication a seventh degree non-homogeneous equation, with five

3_ 3 3 a3y — _ 2 2 7
variables represented by XT oyt 207 = w) =3z - w) + 6(k7 + 29T
and in particular a few interesting relations among the solutions are presented.

is considered

2. NotationS
t
M.N - polygonal number of rank N with size M
m
Py : Pyramidal number of rank N with size m
o - ith si
N : Centered Pyramidal number of rank n with size m.
Sn : Star number of rank N
In : Jacobsthal number of rank N
In : Jacobsthal-Lucas number of rank 1
kyn

: keynea number of rank n.

~g)~



International Journal of Applied Research

3. Method of analysis
The non-homogeneous heptic equation with five unknowns
to be solved for its distinct non-zero integral solutions is

X3 —y3 4+ 2(2% —w?) = 3(z — w) + 6(k* + 252)T7 )
Introduction of the linear transformations,
x=u+1l, y=u—-1z=v+1l, w=v-1 (@)

m (1) leads to u? 4+ 2v% = (k% + 259717 3)

Different methods of obtaining the patterns of integer
solutions to (1) are illustrated below:

Pattern: 3.1
Let I'= p= "I'Eb‘ (4)

Using (4) in (3) and applying the method of factorization
define

w+ W2v = (k + VZs}(a + WZb)" 5)

Where
a=a —42a®b* + 140a®6* - E-Ecth":'i
= 7a*lh 70a*b® | 84a®b6® G&7 (6)

Equating real and imaginary parts, we get
U=k =— Zﬁs}
v= Fk+ as )
Using (7) and (2) we have

x(a,b)=ak —28s+ 1
¥la, bl = ak—2fsr—1
(g bl =0k +as+1

wia &) = Bk + as— 1. ®)

Thus, (4) and (8) represent the non-zero distinct integral
solutions to (1)

Pattern: 3.2
Consider (3) as
u® 4 2p? = Ekz—l-z.a':}i“'"%l 9)
Write 1 as
1 = [1842+T01-124T)

B (10)

Substituting (4) and (10)
factorization method, define

in (9) and employing the

w | tyZym E1+f¥2:1[

(k285 | V2UEE | as)]

Equating real and imaginary parts, we have

w == [(ak — 265) — 4(fk + as)]
1

v == [2(ak — 285) + (Bk + as)] )

As our interest is on finding integer solutions, we choose &

and B suitably so that u and v are integers. Replace a by 3a
and b by 3b in (6). Substituting the corresponding values of

@ and B in (11) and employing (2) non-zero integral
solutions to (1) are found to be

afab) = 35[(ck— 2fs) — 4(Ph+as)] +1
via,b) = 35[(ak— 2Ps) — 4P+ azx)] — 1
z(a b} = 3% [2(ak— 2Bs) + (Pk+ a=)]+ 1
wia, b) = 35[2(ak— 2Bs) + (Pk+ a=)] -1
T(a,b) = 3*[a®+ 2b%]
For simplicity and clear understanding, we exhibit below the
integer solutions and their corresponding properties when

k=3 and s=1 (12)

For this choice, (1) and (3) simplify respectively to,
xf— ¥+ 2(2% —w) = 3(z— wl + 66T" (13

u? + 2v? = 1177 (14)
Write 11 as

Using (4) and (15) in (14) and applying the method of
factorization, define

uw+ N2y = (3+ V) (a+ NZE)T

Equating real and imaginary parts, we get

u = 3aq— Zﬁ}
Using (16) in (2) we have,
e, b)=3a-28+1
¥lab)=3ax-26-1|
z(a, b =a + 38+ 1J

Thus, (4) and (17) represent the integer solution to the
equation (13)

~g3~
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Properties
() 2[e(Lm) + w(l,nw)] + y(1u) + 28t,, (12F, . + 6CR5 = 9t} + 42t,, + 10 =0
(i) 3y 1) + 2z(n, 1) — 11w, 1) = —23t, , [24F, , 5 — 12CB% — 21t , + 12] + 274
(M) z(n, 1) + yin, 1) — 3[z(n, 1) + win 1)] =
— 154k, [24F,, 5 — 12CE} — 214y, + 12] + 170

Note: 3.3
It is seen that in addition to (15), 11 may also be written in two different ways as

[ #e7 Tl 1-7T]

(011 =

]
(BRI B 5T

(i) 11 = = 18)

Following the procedure similar to the above, the corresponding non-zero integral solutions to the above two cases are as
follows:

Case: (i)

xla,b) =3%(a—148)+ 1
wla,b) = 3%(a—148) —1
(e, b)=3%Ta+ 1 +1
wia,b)l=3%(Ta+§) -1
T(a,b) = 3*(a® +25%)

Properties:
(t)xe(1,m) + L4w(l,n) = —3%= 154, [24F, . + 12CEF — 18t,, + 3| + 7217
(i)z(1,m) — Fy(Lm) = 3° = 13[—-FCBL® 4 56CR° + 4CRY(12F,, , — 3CBI® — 18, — 24t, )} — 6
(ea)T(2",2%) — 3y,
Is a cubical integer

Case: (ii)

#a,b) = 19%(63a—20) + 1
v(a, b} = 19%(63a— 2¢) — 1
z(a,b) = 19%(a+ 630) + 1
wiab) =19%(a 4+ 630) — 1
Tia k) = 19%(a® + 2%)

Properties:
(y(m1) 63z(m,1) | 64= 19°«3071[7t,, (6F .. | 3C0F 126, | 12} 8
(1)T(2", 204) = 19[EY, + jonsa — 2(3), + (—1)™)]
(tid)63x(1,m) + 2wl n) = 3971 =191 — 14¢,  (6F,,. . + 12CB5+ Z¢, . + 3]

Note: 3.4

Consider (13) as Substituting (20) in (19) and following the analysis presented

= p?t 2t =) = [3(z—w)+ 66T =1 (19) above as in Pattern.2, the corresponding integer solutions to
(13) are given by

Factorize 1 as alab) = —3%(a+ 14f) +1
| = 22D via,b) = —3%(a+14f) — 1
® 20)  z(a k) = 3%(Ta—F)+1

wia,b) = 3%(Fa—F1—1
T(a b} = 3%(a® + 2b%)

~ga~
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It is to be noted that, in addition to (20), 1 is also written as

(7460 r=167T)

1=
izl

For this choice, the integer solutions to (13) are obtained as
#(a,b) = 11%(%x— 50p)+ 1

¥(a,b) = 11%(9%a— S0B) — 1

z(a, b) = 11°(25a+ 90) + 1

wia,b) = 11%(25«+96) - 1

Tia,b) = 11%(a® + 25%)

4. Conclusion

In this paper, we have made an attempt to determine different
patterns of non-zero distinct integer solutions to the non-
homogeneous heptic equation with five unknowns. As the
heptic equations are rich in variety, one may search for other
forms of heptic equation with variables greater than or equal
to five and obtain their corresponding properties.

5. Acknowledgement

The finical support from the UGC, New Delhi (F.MRP-
5123/14(SERO/UGC) dated march 2014) for a part of this
work is gratefully acknowledged.

6. References

1.

2.

3.

10.

11.

Dickson LE. History of Theory of Numbers, Vol.11,
Chelsea Publishing Company, New York, 1952,

Mordell LJ. Diophantine eequations, Academic Press,
London, 1969.

Telang SG, Number theory, Tata Mc Graw Hill
publishing company, New Delhi, 1996.

Carmichael RD. The theory of numbers and Diophantine
Analysis, Dover Publications, New York, 1959).
Gopalan MA, Sangeetha G. On the sextic equations with
three unknowns %- —xF+3* = (k* 4+ 3)"z%
Impact J Sci tech 2010; 4(4):89-93.

Gopalan MA, Somnath M, Vanitha N. Parametric

. 2 B — ol L
Solutions of ™ = ¥~ = I Acta ciencia indica 2007;
XXXI1 (3):1083-1085.

Gopalan MA, VijayaSankar A. Integral Solutions of the

& s & _ &
sextic equation * T ¥7 F 27 = 2w ndian Journal
of Mathematics and mathematical sciences, 2010;
6(2):241-245.

Gopalan MA, Vidhyalakshmi S, Vijayasankar A.
Integral solutions of hon- Homogeneous sextic equation
x¥+ 2 =w® jmnact j Sci tech 2012; 6(1):47-52,
Gopalan MA, Vidhyalakshmi S, Lakshmi K. On the non-
homogeneous sextic equation
x4+ 3(.‘-’1‘-""‘ T‘r’j'i'.'?f-':f"f}r#=5‘:l IJAMA,
Dec-2012; 4(2):171-173.

Gopalan MA, Sangeetha G. On the heptic Diophantine
equation with five unknowns
x_'; — P'; — EX‘ — Yijzs
2012; 9(5): 371-375.

Manjula M, Gopalan MA, Vidhyalakshmi S. On the non-
homogeneous heptic equation with five unknowns
(%% — ¥ )(4x? + 4y* — 6xy) = 1L(X* - Y5 &F°
, International Conference on mathematical Methods and

Antarctica J Math,

12.

13.

14,

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

~ g5~

computation, 2014, 275-278.

Gopalan MA, Vidhyalakshmi S, Lakshmi K. Integral

solution of the non-homogeneous heptic equation with

five unknowns

x° % y* = (x =)z = 2(k* + as*)w?T*

SJET, Mar 2014; 2(2):212-218.

Gopalan MA, Sangeetha G. Integral solutions of Ternary

non-homogeneous biquadratic equation
4 2 2 -

X Fx+¥ —F=I"—Z Acta Ciencia Indica

2011 XXXVIIM (4):799-803.

Gopalan MA, Sangeetha G. Integral solutions of Ternary

2 2 = =% .

Quadratic equation ®~ F ¥° + Zx¥¥ = 2% Apnarctica
J math 2010; 7(1):95-101.
Gopalan MA, Manju S, Sangeetha G. Integral solutions
of Ternary non- homogeneous quartic equation
-y = (B +1)(z* - w")
J Math 2011; 1(1):51-57.
Gopalan MA, Sangeetha G. Integral solutions of Ternary
Quintic Diophantine

: 2B = LB B
equation * +yt =+ 1)z , Bulletin of Pure
and Applied Sciences 2010; 29E(1):23-28.
Gopalan MA, Janaki G. Integral solutions of
(2% — )32 + 39° — 2xy) = 2(2° — w¥)p®
, Impact J Sci,Tech 2010; 4(1):97-102.
Gopalan MA, Vijayashankar A. Integral solutions of
Ternary Quintic Diophantine

2 I B
equation®™ T (3k+ Ly =2z International
Journal of mathematical sciences 2010; 1-2:165-169.
Gopalan MA, Sangeetha G. Parametric Integral solutions
of the heptic equation with five unknowns
2=y 2 20204 ¥ (x— ) = 2(XT - V)R
, Bessel J Math 2011; 1(1):17-22.
Gopalan MA, Sangeetha G. Integral solutions of mt
degree non-homogeneous equation with three unknowns
alx —¥)° +xy = [1+ (4a — L}k 2™
South East Asian J Math & Math Sci 2011; 9(3):33-38.
Manju S, Sangeetha G, Gopalan MA. Observations on

Archimedes

the higher degree Diophantine equation
x°+ ¥ = (R° +a”J=™ |mpact J Sci Tech 2010;
5(1):67-70.

Manju S, Sangeetha G, Gopalan MA. On the non-
homogeneous heptic equation with three

unknownsxa + (2 = 1ly* = 5?,
Math 2012; 1(2):117-121.

Manju S, Sangeetha V, Gopalan MA. On the non-
homogeneous heptic equation with five unknowns
(2% — ¥ (42?4 Ay — Gxy) — B(X? - P¥)5
, International journal of Innovative Research and
review 2014; 2(4):23-26.

Manju S, Sangeetha V, Gopalan MA. Integral Solutions
of the non-omogeneous heptic equation with five
unknowns

(P =y —(x*+y)+2—wP=2+5(x—
1) {_: _ H'}:*p" |
nternational journal of scientific & research publications
2015; 5:1.

Diophantus  J



