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Abstract 
The objective of this paper is to introduce intuitionistic fuzzy completely  continuous functions and 

to study some of their properties. The relationship between the intuitionistic fuzzy completely 
continuous functions and few intuitionistic fuzzy continuous mappings are also discussed. Finally we 

formulate the notion of intuitionistic fuzzy  homeomorphism in fuzzy topological space and 

investigate their characterizations. 
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1. Introduction 
The concept of fuzzy set was introduced by Zadeh [13] and later Atanassov [2] generalised this 
idea to intuitionistic fuzzy sets using the notion of fuzzy sets. On the other hand Coker [6] 
introduced the notion of an intuitionistic fuzzy topological space, fuzzy continuity fuzzy near 
compactness and some other related concepts. Using the notion of intuitionistic fuzzy sets 
Joen [9] introduced the concepts of intuitionistic fuzzy α continuity and intuitionistic fuzzy 
pre continuity. Completely continuous functions and results related to the product in fuzzy 
topological spaces were introduced in [11] and [3] respectively. In this paper we define the 
notion of completely continuous functions in intuitionistic fuzzy topological spaces. We 

discuss characterizations of intuitionistic fuzzy completely  continuous functions. We also 

establish their properties and relationships with other classes of early defined forms of 
intuitionistic continuous functions. Also we introduce intuitionistic fuzzy 
homeomorphism and intuitionistic fuzzy Z-  homeomorphism. We provide some 

characterizations of intuitionistic fuzzy   homeomorphism 

 
2. Preliminaries 
Definition 2.1 [13]: An intuitionistic fuzzy set (IFS, in short) A in X is an object having the 

form  XxxxxA AA  /)(),(,  where the functions IXA :  and IXA :
denote the degree of membership (namely ))(xA and the degree of non-membership 

(namely ))(xA  of each element Xx to the set A on a nonempty set X and 

1)()(0  xx AA  for each Xx . Obviously every fuzzy set A on a nonempty set 

X is an IFS’s A and B be in the form  XxxxxA AA  /)(1),(,   
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Definition 2.2 [2]: Let X be a nonempty set and the IFS’s A 

and B be in the form  XxxxxA AA  /)(),(,  , 

 XxxxxB BB  /)(),(,   and let { : }jA A j J 
be an arbitrary family of IFS’s in X. Then we define 

BA if and only if )()( xx BA    and 

)()( xx BA    for all Xx . 

(i) A=B if and only if BA and AB  . 

(ii)  XxxxxA AA  /)(),(,  . 

(iii)  XxxxxxxBA BABA  /)()(),()(,  . 

(iv)  XxxxxxxBA BABA  /)()(),()(,   

(v) }0,1,{1~ Xxx  and }1,0,{0~ Xxx  . 

 

Definition 2.3 [6]: An intuitionistic fuzzy topology (IFT, in 
short) on a nonempty set X is a family  of an intuitionistic 

fuzzy set (IFS, in short) in X satisfying the following axioms: 
(i) 0~, 1~  . 

(ii)  21 AA for any A1, A2  . 

(iii) jA for any  JjAj : . 

The complement A of intuitionistic fuzzy open set (IFOS, in 
short) in intuitionistic fuzzy topological space (IFTS, in 

short)  ,X  is called an intuitionistic fuzzy closed set 

(IFCS, in short). 
 

Definition 2.4 [6]: Let  ,X  be an IFTS and 

 )(),(, xxxA AA   be an IFS in X. Then the fuzzy 

interior and closure of A are denoted by 

(i) )(Acl {K: K is an IFCS in X and KA }. 

(ii) )int( A {G: G is an IFOS in X and AG  }. 

(iii) Note that, for any IFS A in ),( X , we have 

)int()( AAcl   and )()int( AclA  . 

 

Definition 2.5 [7]: Let A be an IFS in an IFTS ),( X , then 

A is  
(i) An intuitionistic fuzzy regular open set (IFROS) if 

))(int( AclA  . 

(ii) An intuitionistic fuzzy semi open set (IFSOS) if 

))(int( AclA  . 

(iii) An intuitionistic fuzzy preopen set (IFPOS) if 

))(int( AclA  . 

(iv) An intuitionistic fuzzy d open set (IFdOS) if 

))(int())int(( AclAbsclA  . 

(v) An intuitionistic fuzzy  -open set (IF OS) if 

)))(int(int( AclA . 

(vi) An intuitionistic fuzzy  -open set (IF  OS) if 

)))(((int( AclclA . 

(vii)  An intuitionistic fuzzy  -open set (IF OS) if 

))(int())(int( AclAclA  . 

The complement of the above said sets are intuitionistic 
fuzzy regular closed set, intuitionistic fuzzy semiclosed set, 
intuitionistic fuzzy pre closed set, intuitionistic fuzzy d 
closed set, intuitionistic fuzzy  -closed set, intuitionistic 

fuzzy  -closed set, intuitionistic fuzzy  -closed set, 

(IFRCS, IFSCS, IFPCS, IFdCS, IF CS, IF CS, IF CS 

respectively). 
 

Definition 2.6 [2]: An IFS   1,,),( CCxp  where 

]1,0( , )1,0[ and 1  is called an 

intuitionistic fuzzy point (IFP) in X. 

Note that an IFP ),( p is said to belong to an IFS 

AAXA  ,,  of X denoted by Ap ),(   if 

A  and A  . 

 

Definition 2.7 [10]: Let ),( p  be an IFP of an IFTS 

),( X . An IFS A of X is called an intuitionistic fuzzy 

neighbourhood (IFN) of ),( p  if there exists an IFOS B 

in X such that ABp ),(  . 

 
Definition 2.8 [10]: Two IFSs are said to be q-coincident 

(AqB) if and only if there exists an element Xx such that 

)(xA > )(xB  or )(xA < )(xB . 

 
Definition 2.9 [6]: Let X and Y be two IFTSs. Let 

}:)(),(,{ XxxxXA AA    and 

})(),(,{ YyyyYB BB    be IFSs of X and Y 

respectively. Then is an IFS BA  of YX   defined by 

 ))(),(max()),(),(min(),,(),( yxyxYXyxBA BABA  . 

 

Definition 2.10 [12]: Let A be an IFTS ),( X . Then A is 

called an intuitionistic fuzzy open set(IF OS, in short) in 

X if ))(int( AbclA  . 

 

Definition 2.11 [12]: Let A be an IFTS ),( X . Then A is 

called an intuitionistic fuzzy  closed set (IF CS, in short) 

in X if int( ( )) Ab cl A  . 

 

Definition 2.12 [12]: Let YXf :  from an IFTS X into 

an IFTS Y. Then f  is said to be an 

(i) Intuitionistic fuzzy continuous [4] if 

)()(1 XIFOBf 
 for every B . 

(ii) Intuitionistic fuzzy semi-continuous [6] if 

)()(1 XIFSOBf 
 for every B . 
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(iii) Intuitionistic fuzzy pre continuous [6] if 

)()(1 XIFPOBf 
 for every B . 

(iv) Intuitionistic fuzzy d continuous [6] if 

)()(1 XIFdOBf 
 for every B . 

(v) Intuitionistic fuzzy α-continuous [6] if 

)()(1 XOIFBf 
 for every B . 

(vi) Intuitionistic fuzzy β-continuous [6] if 

)()(1 XOIFBf 
 for every B . 

(vii) Intuitionistic fuzzy γ-continuous [6] if 

)()(1 XOIFBf 
 for every B . 

(viii) Intuitionistic fuzzy  continuous (IF cont, in 

short) [11] if 1( ) (X)f B IF OS   for every 

B . 
 
Definition 2.13 [8]: Let f be a bijection mapping from IFTS 

),( X  into an IFTS ),( Y . Then f is said to be 

intuitionistic fuzzy homeomorphism (IF homeomorphism, in 

short) if f and 
1f are continuous mappings. 

 

Definition 2.14 [7]: Let 111 : YXf  and 222 : YXf  . 

The product 212121 : YYXXff   is defined by 

))(),((),( 22112121 xfxfxxff  for every

2121 ),( XXXX  . 

 

2.1. Intuitionistic Fuzzy Completely   Continuous 

Mappings 

Definition 3.1 A mapping YXf :  from an IFTS X into 

an IFTS Y is called an intuitionistic fuzzy completely 

continuous (IFc continuous, for short) mapping if )(1 Bf 
 

is an IFROS in X, for every IF OS B in Y. 

 
Theorem 3.2 

(i) Every IFc continuous mapping is an IF 

continuous. 

(ii) Every IFc continuous mapping is an IF
continuous. 

(iii) Every IFc continuous mapping is an IFS 

continuous. 

(iv) Every IFc continuous mapping is an IFP 

continuous. 

(v) Every IFc continuous mapping is an IFd 

continuous. 

(vi) Every IFc continuous mapping is an IF
continuous. 

(vii) Every IFc continuous mapping is an IF 
continuous. 

(viii) Every IFc continuous mapping is an IF
continuous. 

The proof is immediate.  
The converse of the above statements may not be true as seen 
from the following examples: 
 

Example 3.3: Let  baX , ,  ,Y u v

 1 , (0.6,0.7),(0,0.1)G y . 

Then  ~ ~ 10 ,1 ,G   and  ~ ~ 10 ,1 ,G   are IFT on X 

and Y respectively. 
Define a mapping ),(),(:  YXf   by uaf )( and

vbf )( .  

Then f is an IF continuous mapping. But f is not an IFc
continuous mapping, Since 

 )1.0,0(),7.0,6.0(,yB  is an IF OS in Y but 

 )1.0,0(),7.0,6.0(,)(1 xBf 
 is not an IFROS in X. 

 

Example 3.4: Let  baX , ,  vuY ,
 )5.0,1.0(),7.0,3.0(,,)6.0,4.0(),3.0,2.0(,1 xxG  , 

 )5.0,1.0(),7.0,3.0(,2 yG  . Then 

 21~~ ,,1,0 GG  and  2~~ ,1,0 G  are IFT on X 

and Y respectively. 
Define a mapping ),(),(:  YXf   by uaf )( and

vbf )( .  

Then f is an IF continuous mapping. But f is not an IFc

 continuous mapping, SinceG2 is an 

 IF OS in Y but  )5.0,1.0(),7.0,3.0(,)( 2
1 xGf 

 

is not an IFROS in X. 
 

Example 3.5: Let  baX , ,  vuY ,  

 )2.0,4.0(),7.0,6.0(,1 xG  , 

 )2.0,4.0(),7.0,6.0(,2 yG   

Then  1~~ ,1,0 G  and  2~~ ,1,0 G  are IFT on X 

and Y respectively. 
Define a mapping ),(),(:  YXf   by uaf )( and

vbf )( .  

Then f is an IFS continuous mapping. But f is not an IFc
continuous mapping, SinceG2 is an 

 IF OS in Y but  )2.0,4.0(),7.0,6.0(,)( 2
1 xGf 

 

is not an IFROS in X. 
 
 
 

Example 3.6: Let  baX , ,  vuY ,  
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 )2.0,3.0(),8.0,7.0(,1 xG  , 

 )3.0,4.0(),7.0,6.0(,2 yG  , 

 )6.0,5.0(),4.0,5.0(,3 yG   

Then  21~~ ,,1,0 GG  and  3~~ ,1,0 G  are IFT on 

X and Y respectively. 
Define a mapping ),(),(:  YXf   by uaf )( and

vbf )( .  

Then f is an IFP continuous mapping. But f is not an IFc
continuous mapping, SinceG3is an 

 IF OS in Y but  )6.0,5.0(),4.0,5.0(,)( 3
1 xGf 

 

is not an IFROS in X. 
 

Example 3.7: Let  baX , ,  vuY ,  

 )2.0,3.0(),8.0,7.0(,1 xG  , 

 )3.0,4.0(),7.0,6.0(,2 xG  , 

 )6.0,5.0(),4.0,5.0(,3 yG   

Then  21~~ ,,1,0 GG  and  3~~ ,1,0 G  are IFT on 

X and Y respectively. 
Define a mapping ),(),(:  YXf   by uaf )( and

vbf )( .  

Then f is an IFd continuous mapping. But f is not an IFc
continuous mapping, SinceG3 is an 

 IF OS in Y but  )6.0,5.0(),4.0,5.0(,)( 3
1 xGf 

 

is not an IFROS in X. 

In the above example f is an IF  continuous mapping. But 

f is not an IFc continuous mapping, SinceG3 is an IF
OS in Y but  )6.0,5.0(),4.0,5.0(,)( 3

1 xGf 
 is not 

an IFROS in X. 
In the above example f is an IF continuous mapping. But 

f is not an IFc continuous mapping, SinceG3 is an IF
OS in Y but  )6.0,5.0(),4.0,5.0(,)( 3

1 xGf 
 is not 

an IFROS in X. 
 

Example 3.8: Let  baX , ,  vuY ,  

 )2.0,4.0(),7.0,6.0(,1 xG  , 

 )2.0,4.0(),7.0,6.0(,2 yG   

Then  1~~ ,1,0 G  and  2~~ ,1,0 G  are IFT on X 

and Y respectively. 
Define a mapping ),(),(:  YXf   by uaf )( and

vbf )( .  

Then f is an IFd continuous mapping. But f is not an IFc
continuous mapping, SinceG3 is an  

IF OS in Y but  )2.0,4.0(),7.0,6.0(,)( 2
1 xGf 

 is 

not an IFROS in X. 

1. IFc continuous 

 

 
 

2. IF continuous 
3. IFP continuous 

4. IF continuous 
5. IFS continuous 
6. IFd continuous 

7. IF   continuous 

8. IF continuous 
 
2.2. The above figure represents the relationship between 

IFc continuous and other continuous mappings. 

Theorem 3.9: A mapping YXf :  from an IFTS X into 

an IFTS Y is an IFc continuous mapping if and only if 

)(1 Bf 
 is an IFRCS in X, for each IF CS in Y. 

 

Proof: Let B be an IF CS in Y. Then B  is an IF OS in 

Y. Since f  is anIFc continuous mapping, 1( )f B  is an 

IFROS in X. But )(1 Bf 
= )(1 Bf 

, hence )(1 Bf 
is an 

IFRCS in X. 
 

Converse: Let B be any IF CS in Y. Then B  is an IF
OS in Y. By hypothesis )(1 Bf 

is an IFRCS in X. From 

)(1 Bf 
= )(1 Bf 

, it follows that )(1 Bf 
 is an IFROS in 

X. Therefore f is an IFc continuous mapping.   

     
Theorem 3.10: If a mapping YXf : is an IFc
continuous, then for each IFP Xp ),(   and for every 

IFN A of )),(( pf , there exists an IFROS B X such 

that )(),( 1 AfBp  . 

Proof: Let Xp ),(  and let A be an IFN of 

)),(( pf . Then there exists an IFOS C in Y such that 

( ( , ))f p C A    . Since every IFOS is an IF OS, C 

is an IF OS in Y. 
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Hence by hypothesis, )(1 Cf 
is an IFROS in X and 

)(),( 1 Cfp  . Now let .)(1 BCf 
Therefore 

).()(),( 11 AfCfBp    

 

Theorem 3.11: If a mapping YXf : is an IFc
continuous, then for each IFP Xp ),(   and for every 

IFN A of )),(( pf , there exists an IFROS B X such 

that Bp ),(   and .)( ABf   

 

Proof: Let Xp ),(  and let A be an IFN of 

)),(( pf . Then there exists an IFOS C in Y such that 

.)),(( ACpf  Since every IFOS is an IF OS, C 

is an IF OS in Y. 

Hence by hypothesis, )(1 Cf 
is an IFROS in X and 

)(),( 1 Cfp  . Now let .)(1 BCf 
Therefore 

).()(),( 11 AfCfBp    

Thus .))(()( 1 AAffBf  
 That is ABf )( . 

 

Theorem 3.12: If a mapping YXf : is an IFc

continuous, then )())))(int((int( 11 BfBfcl   for 

every IFS B in Y. 
 

Proof: Let YB  be an IFS. Then int(B) is an IFOS in Y 

and hence an IF OS in Y. By hypothesis, ))(int(1 Bf 
 is 

an IFROS in X. Hence

)())(int())))(int((int( 111 BfBfBfcl   . 

 

Theorem 3.13: A mapping YXf : is an IFc
continuous mapping then the following are equivalent: 

(i) Forany IF OS A in Y and for any IFP Xp ),(  , 

if Apf q)),((  , then )).(int(),( 1 Afp q
  

(ii) For any IF OS A in Y and for any Xp ),(  , if

Apf q)),((  , then there exists an IFOS B such that 

Bp q),(  and .)( ABf   

Proof: )()( iii  . Let YA be an IF OS and let 

Xp ),(  . Let Apf q)),((  . Then 

))((),( 1 Afp q
  (i) implies that 

))(int(),( 1 Afp q
 where ))(int( 1 Af 

is an IFOS in 

X. Let ))(int( 1 AfB  . Since )())(int( 11 AfAf   , 

)(1 AfB  . Then AAffBf   ))(()( 1
. 

)()( iii  . Let YA be an IF OS and let 

Xp ),(  . Suppose Apf q)),((  , then by (ii) 

there exists an IFOS B in X such that Bp q),(  and 

ABf )( . Now )())(( 11 AfBffB   . That is 

))(int()int( 1 AfBB  . Therefore, Bp q),( 

implies ))(int(),( 1 Afp q
 . 

 

Theorem 3.14: Let YXf : be a mapping. Then the 

following are equivalent. 

(i) f is an IFc continuous mapping. 

(ii) )(1 Bf 
is an IFROS in X for every IF OS B in Y. 

(iii) For every IFP Xp ),(  and for every IF OS B in Y 

such that Bpf )),((  there exists an IFROS A in X 

such that Ap ),(  and .)( BAf   

 

Proof: )()( iii  is obvious. 

)()( iiiii  . Let Xp ),(  and YB  such that F. 

This implies )(),( 1 Bfp  . Since B is an IF OS B 

in Y. By hypothesis )(1 Bf 
 is an IFROS in X. Let 

)(1 BfA  . Then 

ABfpffp   )())),(((),( 11  . Therefore 

Ap ),(  and BBffAf   ))(()( 1
. This implies 

.)( BAf   

)()( iiii  . Let YB   be an IF OS. Let 

Xp ),(  and Bpf )),((  . By hypothesis, there 

exists an IFROS C in X such that Cp ),(  and 

BCf )( . This implies )())(( 11 BfCffC   . 

Therefore, )(),( 1 BfCp  . That is 

)(),()( 1

)(),()(),(

1
11 BfCUpUBf

BfpBfp




   


. This implies  )(1 Bf CU
Bfp )(),( 1

. Since union of 

IFROSs is IFROS. Hence f  is an IFc continuous 

mapping. 

Theorem 3.15: Let ),(),(:1  YXf  and 

),(),(:2  YXf  be any two IFc continuous 

mappings. Then the mapping 

),(),(:),( 21   YYXff  is also an IFc
continuous mapping. 

Proof: Let BA be an IF OS of YY  . 

Then ))(),()(())((),( 21
1

21 xfxfBAxBAff 
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    = 

)))((),((max())),((),((min(, 2121 xfxfxfxfx BABA   

    = 

)))((),)((max()),)((),)((min(, 1
2

1
1

1
2

1
1 xfxfxfxfx BABA  

 

    = )))(()(( 1
2

1
1 xBfAf   . 

Since f1 and f2 are an IFc continuous mapping, )(1 Af 

and )(1 Bf 
 are IFROS in X. Since the intersection of two 

IFROS is an IFROS. Therefore )()( 1
2

1
1 BfAf   is an 

IFROS in X. Hence (f1,f2) is an anIFc continuous mapping. 

 

Theorem 3.16: Let YXf : and ZYg : be any 

mappings. If f and g are IFc continuous, then gof is also 

IFc continuous. 

 

2.3. Intuitionistic Fuzzy  Homeomorphisms 

In this section we introduce intuitionistic fuzzy 
homeomorphism and study some of its properties. 
 

Definition 4.1: A bijection mapping ),(),(:  YXf   

is called an intuitionistic fuzzy  homeomorphism (IF

homeomorphism, in short) if f and 
1f  are IF

continuous mappings. 
 

Example 4.2: Let  baX , ,  vuY ,  

 )7.0,6.0(),2.0,2.0(,1 xG  , 

 )2.0,4.0(),7.0,4.0(,2 yG   

Then  1~~ ,1,0 G  and  2~~ ,1,0 G  are IFT on X 

and Y respectively. 
Define a bijectionmapping ),(),(:  YXf   by 

uaf )( and vbf )( .  

Then f is IF continuous mapping and 
1f is also IF

continuous mapping. Therefore f is an  

IF homeomorphism. 

 

Theorem 4.3: Every IF homeomorphism is an IF
homeomorphism. 

Example 4.4: Let  baX , ,  vuY ,  

 )7.0,6.0(),2.0,3.0(,1 xG  , 

 )2.0,4.0(),4.0,5.0(,2 yG   

Then  1~~ ,1,0 G  and  2~~ ,1,0 G  are IFT on X 

and Y respectively. 
Define a bijection mapping ),(),(:  YXf   by 

uaf )( and vbf )( . Then f is an IF

homeomorphism but not an IF homeomorphism, since f and 
1f  are not IF continuous mappings. 

 

Definition 4.5: An IFTS ),( X  is said to be intuitionistic 

fuzzy  T1/2 space(IF T1/2, in short) if every IF OS in X 

is an IFOS in X. 
 

Theorem 4.6: Let ),(),(:  YXf   be an IF
homeomorphism, then f is an IF homeomorphism if X and Y 

are IF T1/2space. 

 

Proof: Let B be an IFOS in Y. Then )(1 Bf 
 is an IF OS 

in X. Since X is an IF T1/2space, )(1 Bf 
 is an IFOS in X. 

Hence f  is an IF continuous mapping. By hypothesis 

),(),(::1  XYf 
is an IF continuous mapping. Let 

A be an IFOS in X. Then )()()( 11 AfAf 
 is an IF

OS in Y. Since Y is an IF T1/2space, )(Af  is an IFOS in. 

Hence 
1f is an IF continuous mapping. Therefore the 

mapping f is an homeomorphism. 

 

Definition 4.7 [11]: Let f be a mapping from IFTS ),( X  

into an IFTS ),( Y . Then f is said to be intuitionistic 

fuzzy  open mapping (IF open mapping, in short) if 

)()( XOSIFAf   for every IFOS A in X. 

 

Theorem 4.8: Let ),(),(:  YXf   be a bijective 

mapping. If f is an IF continuous mapping, then the 

following are equivalent. 

(i) f is an IF closed mapping 

(ii) f is an IF open mapping 

(iii) f is an IF homeomorphism 

 

Proof: )()( iii  . Let ),(),(:  YXf  be a bijective 

mapping and let f is an IF closed mapping. This implies 

),(),(::1  XYf 
 is an IF continuous mapping. 

That is every IFOS in X is an IF OS in Y. Hence f is an 

IF open mapping. 

)()( iiiii  . Let ),(),(:  YXf  be a bijective 

mapping and let f is an IF open mapping. This implies 

),(),(::1  XYf 
 is an IF continuous mapping. 

Hence f and 
1f  are IF continuous mappings. That is f

is an IF homeomorphism. 
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)()( iiii   Let f  is an IF homeomorphism. That is f

and 
1f  are IF continuous mappings. Since every IFCS in 

X is an IF CS in Y, f is an IF closed mapping. 

 

Remark 4.9: The composition of two IF homeomorphisms 

need not be an IF homeomorphism in general. 

 

Example 4.10: Let  baX , ,  dcY ,  vuZ , ,  

 )4.0,2.0(),6.0,8.0(,1 xG  , 

 )3.0,4.0(),1.0,6.0(,2 yG  , 

 )2.0,6.0(),4.0,4.0(,3 zG   

Then  1~~ ,1,0 G ,  2~~ ,1,0 G  and {:

3~~ ,1,0 G } are IFT on X,Y and Z respectively. 

Define a bijective mapping ),(),(:  YXf   by 

caf )( and dbf )( and ),(),(::  ZYg  by 

ucf )( vdf )( . Then f and 
1f  are IF

continuous mappings. Also g  and 
1g  are IF continuous 

mappings. Hence f and g  are IF homeomorphisms. But 

the composition ZXgof : is not an IF
homeomorphism since gof is not an IF continuous 

mapping. 
 

2.4. Intuitionistic Fuzzy Z- Homeomorphisms 

Definition 5.1: Let f be a mapping from IFTS ),( X  into 

an IFTS ),( Y . Then f is said to be intuitionistic fuzzy 

irresolute (IF irresolute, in short) if )()(1 XOIFBf 
 

for every IF OS B in Y. 

 

Definition 5.2: A bijection mapping ),(),(:  YXf   

is called an intuitionistic fuzzy Z- homeomorphism (IFZ
homeomorphism, in short) if IF irresolute mappings. 

 

Theorem 5.3: Every IFZ homeomorphism is an IF
homeomorphism but not conversely. 
 

Proof: Let ),(),(:  YXf   be an IFZ
homeomorphism. Let B be IFOS in Y. This implies B is an 

IF OS in Y. By hypothesis )(1 Bf 
 is an IF OS f and 

1f  are in X. Hence f is an IF continuous mapping. 

Similarly we can prove 
1f  is an IF continuous mapping. 

Hence f and 
1f  are IF continuous mappings. This 

implies the mapping f is an IF homeomorphism. 

 

Example 5.4: Let  baX , ,  vuY ,  

 )7.0,6.0(),3.0,4.0(,1 xG  , 

 )5.0,4.0(),1.0,2.0(,2 yG   

Then  1~~ ,1,0 G  and  2~~ ,1,0 G  are IFT on X 

and Y respectively. 
Define a bijection mapping ),(),(:  YXf   by 

uaf )( and vbf )( . Then f is an IF
homeomorphism. Let us consider an IFS

 )7.0,7.0(),2.0,3.0(,yH  in Y. Clearly H is an IF

OS in Y. But )(1 Hf 
 is not an IF OS in X. That is f is 

not an IF irresolute mapping. Hence f is not an IFZ
homeomorphism. 
 

Theorem 5.5: If the mapping YXf : is an IFZ

homeomorphism, then ))int(())(int( 11 BfBf     

for every IFS B in Y. 
 

Proof: Since f is an IFZ homeomorphism, f is an IF
irresolute mapping. Consider an IFS B in Y. Clearly 

)int(B is an IF OS in Y. By hypothesis 

))int((1 Bf 
 is an IF OS in X. Since 

)())int(( 11 BfBf   , 

1 1int( ( int( ))) int( ( ))f B f B    . This implies 

1 1( int( ))) int( ( ))f B f B   . 

Since f  is an IFZ homeomorphism, XYf  :1
is an 

IF irresolute mapping. Consider an IFS )(1 Bf 
 in X. 

Clearly ))(int( 1 Bf   is an IF OS in X. This implies 

)))(int(()))(int(()( 1111 BffBff     is an IF
OS in Y. Clearly 

1 1 1 1 1 1( ) ( ) ( ) ( int( ( ))) ( int( ( ))B f B f f B f f B        
Therefore 

1 1int( ) int( ( int( ( )))) int(( ( ))B f f B f B     
. Since 

1f  is an IF irresolute mapping. Hence 

1 1 1 1( int( )) ( ( int( ( )))) int( ( ))f B f f f B f B      

That is 1 1( int( )) int( ( ))f B f B   . 

 

Theorem 5.6: If YXf : is an IFZ homeomorphism, 

then ))int(())(int( BfBf    for every IFS B in X. 

 

Proof: Since f is an IFZ homeomorphism, 
1f is IF

homeomorphism. Let us consider an IFS B in X. By theorem 

5.4 ))int(())(int( BfBf   for every IFS B in X. 
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Remark: 5.7: The composition of two IFZ
homeomorphisms is IFZ homeomorphism in general. 

 

Proof: Let YXf :  and ZYg :  be any two IFZ
homeomorphisms. Let A be an IF OS in Z. Then by 

hypothesis, )(1 Ag 
 is an IF OS in Y. Then by 

hypothesis, ))(( 11 Agf 
 is an IF OS in X. Hence 

1)( gof  is an IF irresolute mapping. Now let B be an IF

 OS in X. Then by hypothesis, )(Bf  is an IF OS in Y. 

Then by hypothesis ))(( Bfg  is an IF OS in Z. This 

implies gof  is an IF irresolute mapping. Hence gof  is 

an IFZ homeomorphism. That is the composition of two 

IFZ homeomorphisms is an IFZ homeomorphism in 

general. 
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