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Abstract 
The purpose of this paper is to define and study some nano-closed sets namely, nano g*-closed sets, 
nano g*s-closed sets, nano g*p-closed sets and nano g*r-closed sets are analysed. 
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1. Introduction 
Levine [5] introduced the class of g-closed sets in 1970. Lellis Thivagar [4] introduced Nano 
topological space with respect to a subset X of a universe which is defined interms of lower 
and upper approximations of X. He has also defined Nano closed sets Nano-interior and 
Nano-closure of a set. Bhuvaneswari (1, 2, 3 & 7) introduced Nano g-closed, Nano gs-
closed, Nano ߙg-closed, Nano gߙ-closed and Nano gr and Nano rg-closed sets. 
 
Definition 1.1 [6] 
A subset A of a topological space (X, ߬) is called a generalized star closed set if cl(A) ⊆ U 
whenever A ⊆ U and U is g-open in (X, ߬). 
 
Definition 1.2 [4] 
Let U be a non-empty finite set of objects called the universe and R be an equivalence 
relation. Elements belongings to the same equivalence class are said to be indiscernible with 
one another. The pair (U, R) is said to be the approximation space. Let X ⊆ U 
(i) The lower approximation of X with respect to R is the set of all objects, which can be for 

certain classified as X with respect to R and its denoted by Lୖ(X). 
That is Lୖ(X) = ௑ܷ∈௎ ሼܴሺXሻ: ܴሺXሻ  ⊆ ܺሽ where R(X) denotes the equivalence class 
determined by X. 

(ii) The upper approximation of X with respect to R is the set of all objects, which can be 
possibly classified as X with respect to R and it is denoted by Uୖ(X). 
That is Uୖ(X) = ௑ܷ∈௎ ሼܴሺXሻ: ܴሺXሻ ∩ ܺ ് Φሽ 

(iii) The boundary region of X with respect to R is the set of all objects, which can be 
classified neither as X nor as not X with respect to R and it is denoted by Bୖ(X). 

That is Bୖ(X) = Uୖ(X) – Lୖ(X). 
 
Property 1.3 [4] 
If (U, R) is an approximation space and X, Y ⊆ U, then 
 Lୖ(X) ⊆ X ⊆ Uୖ(X) 
 Lୖ(Φ) = Uୖ(Φ) = Φ and Lୖ(U) = Uୖ(U) = U 
 Uୖ(X ∪ Y) = Uୖ(X) ∪ Uୖ(Y) 
 Uୖ(X ∩ Y) ⊆ Uୖ(X) ∩ Uୖ(Y) 
 Lୖ(X ∪ Y) ⊇ Lୖ(X) ∪ Lୖ(Y) 
 Lୖ(X ∩ Y) = Lୖ(X) ∩ Lୖ(Y) 
 Lୖ(X) ⊆ Lୖ(Y) and Uୖ(X) ⊆ Uୖ(Y) whenever X ⊆ Y 
 Uୖ(X∁) = ሾLୖሺXሻሿ

∁ and Lୖ(X∁) = ሾUୖሺXሻሿ
∁ 

 Uୖ[Uୖ(X)] = LୖሾUୖ(X)] = Uୖ(X) 
 LୖሾLୖ(X)] = UୖሾLୖ(X)] = Lୖ(X) 
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Definition 1.4 [4] 
Let U be the universe, R be an equivalence relation on U and 
߬ோሺܺሻ = {U, Φ, UୖሺXሻ, LୖሺXሻ, BୖሺXሻ} where X ⊆ U. Then 
by Property 1.3, ߬ோሺܺሻ satisfies the following axioms. 
 U and Φ ∈ ߬ோሺXሻ. 
 The union of the elements of any sub collection of ߬ோሺXሻ 

is in ߬ோሺXሻ. 
 The intersection of the elements of any finite sub 

collection of ߬ோሺXሻ is in ߬ோሺXሻ. 
That is, ߬ோሺXሻ is a topology on U called the Nano topology 
on U with respect to X. (ܷ, ߬ோሺXሻሻ is called the Nano 
topological space. Elements of the Nano topology are known 
as Nano open sets in U. Elements of ሾ߬ோሺXሻሿ

∁ are called 
Nano closed sets with ሾ߬ோሺXሻሿ

∁ being called dual Nano 
topology of ߬ோሺXሻ. 
 
Remark 1.5 [4] 
If ߬ோሺܺሻ is the Nano topology on U with respect to X. Then 
the set 
 B = {U, LୖሺXሻ, BୖሺXሻ} is the basis for ߬ோሺܺሻ. 
 
Definition 1.6 [4] 
If (ܷ, ߬ோሺܺሻሻ is a nano topological space with respect to X 
where X ⊆ U and if A ⊆ U, then 
 The Nano interior of the set A is defined as the union of 

all nano open subsets contained in A and is denoted by 
Nint(A). Nint(A) is the largest nano open subset of A. 

 The Nano closure of the set A is defined as the 
intersection of all nano closed sets containing A and is 
denoted by Ncl(A). Ncl(A) is the smallest nano closed 
set containing A. 

 
Definition 1.7 
Let (ܷ, ߬ோሺܺሻሻ be a nano topological space and A ⊆ U. Then 
A is said to be  
(1) Ng-closed [1] if Ncl(A) ⊆ V whenever A ⊆ V and V is 

Nano-open in U. 
(2) Ngr-closed [7] if Nrcl(A) ⊆ V whenever A ⊆ V and V is 

Nano-open in U. 
(3)  Ngs-closed [2] if Nscl(A) ⊆ V whenever A ⊆ V and V is 

Nano-open in U. 
(4) Ngߙ-closed [3] if Nߙcl(A) ⊆ V whenever A ⊆ V and V 

is Nano-open in U. 
 
1. Nano Generalized Star Closed Set 
Throughout this paper ሺU, ߬ோሺܺሻሻ is a Nano topological 
space with respect to X where X ⊆ U, R is an equivalence 
relation on U, U/R denotes the family of equivalence classes 
of U by R. 
 
Definition 2.1 
Let ሺU, ߬ோሺܺሻሻ be a nano topological space. A subset A of 
ሺU, ߬ோሺܺሻሻ is called  
(i) Nano generalized star closed set (briefly Ng* closed), if 

Ncl(A) ⊆ V whenever A ⊆ V and V is nano g-open. 
(ii) Nano generalized star semi closed set (briefly Ng*s-

closed) if Nscl(A) ⊆ V whenever A ⊆ V and V is nano 
g-open. 

(iii) Nano generalized star pre closed set (briefly Ng*p-
closed) if Npcl(A) ⊆ V whenever A ⊆ V and V is nano 
g-open. 

(iv) Nano generalized star regular closed set (briefly Ng*r-
closed) if Nrcl(A) ⊆ V whenever A ⊆ V and V is nano 
g-open.  

Example 2.2 
Let U = {a, b, c, d} with U/R = {a, c, {b,d}} and X = {a, b}. 
Then ߬ோሺܺሻ = {U, Φ, {a}, {b,d}, {a,b,d}} which are nano 
open sets. 
 The nano closed sets = {U, Φ, {c}, {a,c}, {b,c,d}} 
 The nano semi closed sets = {U, Φ, {a}, {c}, {a,c}, 

{b,d}, {b,c,d}} 
 The nano pre closed sets = {U, Φ, {a}, {b}, {c], {d}, 

{a,c}, {b,c}, {c,d}, {a,b,c}, {a,c,d}, {b,c,d}} 
 The nano regular closed sets = {U, Φ, {b}, {c}, {d}, 

{a,c}, {b,c}, {c,d}, {a,b,c}, {a,c,d}, {b,c,d}} 
 The nano generalized star semi closed sets = {U, Φ, {a}, 

{c}, {a,c}, {b,d}, {a,b,d}, {b,c,d}} 
 The nano generalized star pre closed sets = {U, Φ, 

{a},{b}, {c}, {d}, {a,b}, {a,c}, {a,d}, {b,c}, {b,d}, 
{c,d}, {a,b,c}, {a,b,d}, {a,c,d}, {b,c,d}} 

 The nano generalized star regular closed sets = {U, Φ, 
{a},{b}, {c}, {d}, {a,b}, {a,c}, {a,d}, {b,c}, {b,d}, 
{c,d}, {a,b,c}, {a,b,d}, {a,c,d}, {b,c,d}} 

 The nano generalized star closed sets are {U, Φ, {c}, 
{a,c}, {b,c}, {c,d}, {a,b,c}, {a,c,d}, {b,c,d}} 

 
Theorem 2.3: A subset A of ሺU, ߬ோሺXሻሻ is nano g* -closed 
if nano cl(A) – A contains no nonempty nano g*-closed set. 
 
Proof:  Suppose if A is nano g*-closed. Then Ncl(A) ⊆ V 
where A ⊆ V and V is nano g-open. Let Y be a nano g-
closed subset of Ncl(A) – A. Then A ⊆ ܻ∁ and ܻ∁ is nano g-
open. Since A is Ng*-closed, Ncl(A) ⊆ ܻ∁ implies Y ⊆ 
ሾ݈ܰܿሺܣሻሿ∁. That is Y ⊆ Ncl(A) and Y ⊆ ሾ݈ܰܿሺܣሻሿ∁ implies Y 
⊆ Φ. So Y is nonempty. 
 
Theorem 2.4: If A and B be nano g*-closed, then A ∪ B is 
nano g*-closed. 
 
Proof: Let A and B be nano g*-closed sets in (U, ߬ோሺܺሻሻ.V 
is nano g-open sets in U and Ncl(B) ⊆ W where B ⊆ W and 
W is nano g-open. Since A and B are subsets of V and W A 
∪ B is a subset of VUW and V&W is nano g-open. Then 
Ncl(A ∪ B) = Ncl(A) ∪ Ncl(B) ⊆ VUW, which implies that 
A ∪ B is nano g*-closed. 
 
Remark 2.5: The intersection of any two nano g*-closed 
sets in (U, ߬ோሺܺሻሻ is nano g*-closed in(U, ߬ோሺܺሻሻ.  
 
Proof: Let A and B are any two nano g*-closed sets. A ⊆  V, 
V is an nano g-open and B ⊆V, V is nano g-open.Then 
Ncl(A) ⊆ V, Ncl(B) ⊆ V.Therefore Ncl(A ∩ B) ⊆ V,V is 
nano g-open.Since A and B are nano g-closeds. Hence A ∩ B 
is a nano g*-closed set. 
 
Example 2.6: Let U = {a, b, c, d, e} with U/R = {{a, b} {c, 
e}, {d}}. Let X = {a, d} then ߬ோሺݔሻ = { U, Φ, {d},{a, b, 
d},{a, b}} and the nano closed sets are { U, Φ, {c, e},{a, b, 
c, e},{c, d, e}}. The nano g*-closed sets are {U, Φ, {c, e},{a, 
c, e}, {b, c, e}, {c, d, e}, {a, b, c, e},{a, c, d, e}, {b, c, d, e}}. 
Let A = {c, e} and B = {c, d, e} and A ∩ B = {c, e} is also 
nano g*-closed set. 
 
Theorem 2.7:  Every nano closed set is nano g*-closed. 
Proof:  Let A be a nano closed subset of U and A ⊆ V, V is 
nano g-open in U. since A is nano g-closed, Ncl(A) = A ⊆ V, 
where V is nano g-open in U. Therefore, A is nano g*-closed 
set. 
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Remark: 2.8 Converse of the above Theorem need not be 
true, which can be seen from the following example. 
 
Example 2.9: In the example 2.6, the sets {a, c, e}, {a, c, d, 
e} are nano g*-closed set but not nano closed set. 
 
Theorem 2.10: Every nano g*-closed set is nano g-closed. 
 
Proof: Let A be nano g*-closed set in V. Let V be open set 
such that A ⊆ V.Since every nano open set is nano g-open. 
We have Ncl(A) ⊆  V. Therefore A is nano g-closed. 
 
Remark 2.11: Converse of the above theorem need not be 
true, which can be seen from the following example. 
 
Example 2.12: In the example 2.6, the set {a, c, d} is nano 
g-closed but not nano g*-closed set. 
 
Theorem 2.13: Every nano g*-closed set is nano gr-closed. 
 
Proof:  Let A be nano g*-closed in U.Let V be nano open 
set such that A ⊆ V.Since every nano open set is nano g-
open.We haveNrclሺAሻ  ⊆  NclሺAሻ ⊆ V implies NrclሺAሻ  ⊆
 V.Therefore A is nano gr-closed. 
 
Example 2.14: Let U = {a, b, c, d} with U/R = {a, c, {b,d}} 
and X = {a, b}. Then the nano topology ߬ோሺܺሻ = {U, Φ, {a}, 
{b,d}, {a,b,d}}. The set {b} and {b, c} are nano gr-closed set 
but not nano g*-closed set. 
 
Theorem 2.15: Every nano g*-closed set is nano gߙ-closed 
set. 
 
Proof: Let A be nano g*-closed in U.Let V be nano open set 
such that A ⊆ V.Since every nano open set is nano g-open. 
We haveNαclሺAሻ  ⊆  NclሺAሻ ⊆ V implies NαclሺAሻ  ⊆
 V.Therefore A is nano gα-closed. 
 
Example 2.16: Let U = {a, b, c} with U/R = {{a}, {b, c}} 
and X = {a,b}. Then the nano topology ߬ோሺܺሻ = {U, Φ, {a}, 
{b,c}}. The set {b} is nano gߙ-closed set but not nano g*-
closed set. 
 
Theorem 2.17: Every nano g*-closed set is nano gs-closed 
set. 
 
Proof:  Let A be nano g*-closed in U.Let V be nano open 
set such that A ⊆ V.Since every nano open set is nano g-
open. We haveNsclሺAሻ  ⊆  NclሺAሻ ⊆ V implies NsclሺAሻ  ⊆
 V.Therefore A is nano gs-closed. 
 
 Example 2.18: Let U = {a, b, c, d} with U/R = {a, {d}, 
{b,c}} and X = {a,c}. Then the nano topology ߬ோሺܺሻ = {U, 
Φ, {a},{b,c},{a,b,c}}. The set {b, c} is nano gs-closed set 
but not nano g*-closed set. 
 
Theorem 2.19: If A is nano g*-closed and A ⊆ B ⊆ Ncl(A), 
then B is nano g*-closed. 
 
Proof:  Let B ⊆ V where V is nano g-open in ߬ோሺXሻ. Then A 
⊆ B implies A ⊆ V. Since A is nano g*-closed, Ncl(A) ⊆ V. 
Also B ⊆ Ncl(A) implies Ncl(B) ⊆ Ncl(A). This Ncl(B) ⊆ V 
and so B is nano g*-closed. 
 

Theorem 2.20: For each a ∈ U, either {a} is nano g-closed 
or ሼܽሽ∁ is nano g*-closed in ߬ோሺXሻ. 
 
Proof:  Suppose {a} is not nano g-closed in U. Then ሼܽሽ∁ is 
not nano g-open and the only Nano g-open set containing 
ሼܽሽ∁ is V ⊆ U. That is ሼܽሽ∁ ⊆ U. Therefore Nclሼܽሽ∁ ⊆ U 
which implies ሼܽሽ∁ is nano g*-closed set in ߬ோሺXሻ. 
 
Theorem 2.21: Every nano g*-closed set is nano g*s-closed 
set. 
 
Proof: Let A be a nano g*-closed set of U and A ⊆ V, V is 
nano g-open in U. Since A is nano g*-closed, Ncl(A) = A ⊆ 
V. That Ncl(A) ⊆ V, also Nscl(A) ⊆ Ncl(A) ⊆ V, where V is 
nano g-open in U. Hence Nscl(A) ⊆ V.Therefore A is nano 
g*s-closed set. 
 
Example 2.22: Let U = {a, b, c, d, e} with U/R = {{a, b}, {c, 
e}, {d}} and X = {a, d}. Then ߬ோሺXሻ = {U, Φ, {d}, {a, b, d}, 
{a, b}}. The set {a, b} is nano g*s-closed set but not nano 
g*-closed set. 
 
Theorem 2.23: Every nano g*-closed set is nano g*p-closed 
set. 
 
Proof: Let A be a nano g*-closed set of U and A ⊆ V, V is 
nano g-open in U. Since A is nano g*-closed, Ncl(A) = A ⊆ 
V. That is Ncl(A) ⊆ V. Also Npcl(A) ⊆ Ncl(A) ⊆ V, where 
V is nano g-open in U. Hence Npcl(A) ⊆ V therefore A is 
nano g*p-closed set. 
 
Example 2.24: In Example 2.2, the set {a} is nano g*p-
closed set but not nano g*-closed set. 
 
Theorem 2.25: Every nano g*-closed set is nano g*r-closed 
set. 
 
Proof: Let A be a nano g*-closed set of V and A ⊆ V, V is 
nano g-open in U. Since A is nano g*-closed, Ncl(A) = A ⊆ 
V. That is Ncl(A) ⊆ V. Also Nrcl(A) ⊆ Ncl(A) ⊆ V, where 
V is nano g-open in U. Hence Nrcl(A) ⊆ V therefore A is 
nano g*r-closed. 
 
Example 2.26: In Example 2.2, the set {a, b, d} is nano g*r-
closed set but not nano g*-closed set. 
 
3. Nano Generalized Star – Open Sets 
Definition 3.1: A subset A of a nano topological space 
ሺU, ߬ோሺXሻሻ is called nano generalized star-open (briefly nano 
g*-open) if ܣ∁ is nano g*-closed. 
 
Theorem 3.2:  (i) Every nano open set is nano g*-open. 
(ii) Every nano g*-open set is nano g-open. 
Proof:  Proof follows from the Theorems 2.7 & 2.10. 
 
Remark 3.3: For subsets A, B of a nano topological space 
ሺU, ߬ோሺXሻሻ. 
(i) ∪ Ng*(int(A)) = Ng*cl(U – A) 
(ii) ∪ Ng*(cl(A)) = Ng*int(U – A) 
 
Theorem 3.4: A subset A ⊆ U is nano g*-open iff F ⊆ 
Nint(A) whenever F is nano g-closed set and F ⊆ A. 
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Proof: Let A be nano g*-open set and suppose F ⊆ A where 
F is nano g-closed. Then U – A is nano g*-closed set 
contained in the nano g-open set U – F. Hence Ncl(U – A) ⊆ 
U – F and U – Nint(A) ⊆ U – F. Thus F ⊆ Nint (A). 
Conversely, if F is nano g-closed set with F ⊆ Nint(A) and F 
⊆ A, then U – Nint(A) ⊆ U – F. Thus Ncl(U – A) ⊆ U – F. 
Hence U – A is nano g*-closed set and A is nano g*-open 
set. 
 
Theorem 3.5:  If Nint(A) ⊆ B ⊆ A and if A is nano g*-
open, then B is nano g*-open. 
 
Proof: Let Nint(A) ⊆ B ⊆ A, then A∁ ⊂ B∁ ⊂ Ncl(A∁), 
where A∁ is nano g*-closed and hence B∁ is also nano g*-
closed by Theorem 2.19. Therefore, B is nano g*-open. 
 
Remark 3.6: If A is nano g*-closed, then Ncl(A) – A is nano 
g*-open. 
 
Proof:  Let A be nano g*-closed. Let F be nano g-closed 
such that F ⊆ Ncl(A) – A. Then F = Φ. Since Ncl(A) – A 
cannot have any non-empty nano g-closed set. Therefore, F 
⊆ Nint(Ncl(A) – A). Hence Ncl(A) – A is nano g*-open. 
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