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On the negative Pell equation 321 22  xy  
 

G Janaki and S Vidhya 
 
Abstract 

The binary quadratic equation represented by the negative Pellian 321 22  xy is analyzed for its 
distinct integer solutions. A few interesting relations among the solutions are also given. Further, 
employing the solutions of the above hyperbola, we have obtained solutions of other choices of 
hyperbolas and parabolas. 
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1. Introduction 

Pell’s equation is any Diophantine equation of the form 122  nyx , when n is a given 
positive non-square integer has always positive integer solutions. This equation was first 
studied extensively in India, starting with Brahmagupta, who developed the Chakravala 
method to Pell’s equation and other quadratic indeterminate equations. When k is a positive 
integer and  1,4 22  kkn , positive integer solutions of the equations 422  nyx

and 122  nyx , have been investigated by Jones in [2]. In [1, 4, 6-8] some special Pell 
equation and their solutions are considered. J.L. Lagrange proved that the positive Pell 
equation 122  Dxy has infinitely many distinct solutions whereas the negative Pell 

equation 122  Dxy does not always have a solution. In [3], an elementary proof of a 

ceriterium for the solvability of the Pell equation 122 Dyx where D is any positive 

non-square integer has been presented. For example, the equations 13 22  xy ,

47 22  xy have no integer solutions whereas 165 22  xy , 1202 22  xy have 
integer solutions. In this context, one may refer [5, 9-11]. More specifically, one may refer, 
“The On-line Encyclopedia of integer sequences” (A031396,A130226,A031398) for values 
of D for which the negative Pell equation 122  Dxy is solvable or not. 

In this communication, the negative Pell equation given by 321 22  xy is considered and 
infinitely many integer solutions are obtained. A few interesting relations among the 
solutions are presented. 
 
2. Method of Analysis 
The negative Pell equation representing hyperbola under consideration is  
 

321 22  xy                   (1) 
 

whose smallest positive integer solution is 9,2 00  yx . 
To obtain the other solutions of (1), consider the Pellian equation 
 

121 22  xy  
 

whose initial solution is 55~,12~
00  yx and the general solution  nn yx ~,~ is given by  
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Applying Brahamagupta lemma between  00, yx  and  ,~,~
nn yx the other integer solutions of (1) are given by  
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Some numerical examples of x and y satisfying (1) are given in the table below 
 

n 1nx 1ny
0 218 999 
1 23978 109881 
2 2637362 12085911 

 
3. Observations 
We observe some interesting relations among the solutions which are presented below 
1. The recurrence relations satisfied by the solutions of (1) are given by 

0110
0110

123

123








nnn

nnn

yyy

xxx
 

2. .24 132   nnn xxy  

3. .504 132   nnn yyx  
4. Each of the following expressions is a perfect square. 

i) 
3

61884 2222   nn yx
 

ii) 
84

168424662 3222   nn xx
 

iii) 
9240

1848042512778 4222   nn xx
 

iv) 
756

1512419584615002 4232   nn xx
 

v) 
55

11063052 3222   nn yx
 

vi) 
6049

120986335692 4222   nn yx
 

vii) 
55

11066628 2232   nn yx
 

viii) 26663052 3232   nn yx  

ix) 
55

110666335692 4232   nn yx
 

x) 
6049

120987325428 2242   nn yx
 

xi) 
55

110732543052 3242   nn yx
 

xii) 273254335692 4242   nn yx  

xiii) 
9

18109 2232   nn yy
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xiv) 
990

198011989 2242   nn yy
 

xv) 
9

1811989109 3242   nn yy
 

5. Each of the following expressions is a cubical integer. 
i) 330628 3333   nn yx  

ii) 
2

660111 4333   nn xx
 

iii) 
220

7260012209 5333   nn xx
 

iv) 
2

66011112209 5343   nn xx
 

v) 
165

54450189156 4333   nn yx
 

vi) 
18147

598851181007076 5333   nn yx
 

vii) 
165

54450199884 3343   nn yx
 

viii) 
3

99019989156 4343   nn yx
 

ix) 
165

5445019981007076 5343   nn yx
 

x) 
18147

598851021976284 3353   nn yx
 

xi) 
165

544502197629156 4353   nn yx
 

xii) 
3

9902197621007076 5353   nn yx
 

xiii) 
1980

653400239782 3353   nn yy
 

xiv) 
18

59402182 3343   nn yy
 

xv) 
36

1188047956436 4353   nn yy
 

 
4. Remarkable Observations 
On employing linear combinations among the solutions of (1), one may generate integer solutions for our choices of 
hyperbolas which are presented in the table I below: 
 

Table I 
 

Hyperbola ),( YX

3622 YX  

i) 





 

 
 21

37884,1884 11
11

nn
nn

xy
yx  

ii) 





 

 
 21

419589156,19989156 22
22

nn
nn

xy
yx  

iii) 





 

 
 21

46150021007076,2197621007076 33
33

nn
nn

xy
yx  
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76204858827 22  YX  






 
 

 21
457842,424662 12

21
nn

nn

xx
xx

 

6350422 YX  






 
 

 21
352476632046,6993769167 23

32
nn

nn

xx
xx

10890022 YX  

i) 





 

 
 21

4195884,189156 12
21

nn
nn

xy
yx  

ii) 





 

 
 21

3789156,199884 21
12

nn
nn

xy
yx  

iii) 





 

 
 21

46150029156,19981007076 23
32

nn
nn

xy
yx  

iv) 





 

 
 21

419581007076,2197629156 32
23

nn
nn

xy
yx  

131725443622 YX  

i) 





 

 
 21

461500284,181007076 13
31

nn
nn

xy
yx  

ii) 





 

 
 21

3781007076,21976284 31
13

nn
nn

xy
yx  

5184814 22  YX  






 
 

 21
2222,2182 21

12
nn

nn

yy
yy

 

18974736009801484 22  YX
 








 
 

 21
12209,11989 31

13
nn

nn

yy
yy

 

518422 YX  






 
 

 21
1998219762,47956436 32

23
nn

nn

yy
yy

 
 
On employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of 
parabolas which are presented in the table II below: 
 

Table II 
 

Parabola ),( YX

3632  XY  






 
 

 21
37884,61884 11

2222
nn

nn

xy
yx

 

9072277 2  XY  






 
 

 21
457842,168424662 12

3222
nn

nn

xx
xx

 

635041262  XY  






 
 

 21
352476632046,2526993769167 23

4232
nn

nn

xx
xx

12100552  XY  

i) 





 

 
 21

1398628,11063052x 12
3222n

nn
n

xy
y  

ii) 





 

 
 21

1263052,11066628x 21
2232n

nn
n

xy
y  

iii) 





 

 
 21

15383343052,110666335692x 23
4232n

nn
n

xy
y  

iv) 





 

 
 21

13986335692,110732543052x 32
3242n

nn
n

xy
y  
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14636160460492  XY  

i) 





 

 
 21

153833428,120986335692x 13
4222n

nn
n

xy
y  

ii) 





 

 
 21

126335692,120987325428x 31
2242n

nn
n

xy
y  

42  XY  

i) 





 

 
 21

139863052,26663052x 22
3232n

nn
n

xy
y  

ii) 





 

 
 21

1538334335692,273254335692x 33
4242n

nn
n

xy
y  

576169 2  XY  






 
 

 21
2222,18109 21

2232
nn

nn

yy
yy

 

696960017609 2  XY  





 

 
 21

224418,198011989 31
2242

nn
nn

yy
yy  

576162  XY  






 
 

 21
66673254,1811989109 32

3242
nn

nn

yy
yy

 
 
5. Conclusion 
In this paper, we have presented infinitely many integer solutions for the hyperbola represented by the negative Pell equation

321 22  xy . As the binary quadratic diophantine equations are rich in variety, one may search for the other choices of 
negative Pell equations and determine their integer solutions along with suitable properties. 
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