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On the ternary quadratic diophantine equation 

222 18z =4xy  - )y+3(x  
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Abstract 
The ternary quadratic diophantine equation represented by 222 18z =4xy  - )y+3(x  is 

analyzed for its non-zero distinct integer solutions. A few interesting properties between the 
solutions and special figurate numbers are obtained. 
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1. Introduction 
The Diophantine equations offer an unlimited field for research due to their variety [1-3]. In 
particular, one may refer [4-21] for cubic equations with three unknowns. This communication 
concerns with yet another interesting equation 222 18z =4xy  - )y+3(x representing non-

homogeneous Quadratic equation with three unknowns for determining its infinitely many 
non-zero integral points. Also, a few interesting relations among the solutions are presented.  
 
2. Method of Analysis 
 The ternary quadratic Diophantine equation to be solved is  
 

222 18z =4xy  - )y+3(x                                                            (1)        
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Introducing the linear transformations 
 

 v-u  =y ;  v+u  =x                        (2) 
 
In (1), it is written as 
 

222 9z= 5v + u                                (3) 
 
Which is satisfied by 

22 q- 5pu   

 
2pqv   

 

3

 q + 5p
z

22


 

 
Where p and q are non-zero distinct numbers.  
 
Replacing p by 3P & q by 3Q in the above equations and using 
(2), the non-zero distinct integral solutions of (2) in two 
parameters are given by 

PQQ 18945PQ)x(P,x 22   
PQQ 18945PQ)y(P,y 22    

22 315),( QPQPzz                                                                                                  
A few interesting properties are as follows 
 
Properties 

 
    2

,2180)1,(61,1, ntnznynx 
 

     nnnn zx Pr18Pr901,Pr31,Pr 2   

      236,, aaayaax Perfect square 

 
    nn CPtnnynnz ,6

2
,2

22 1818,,3 
 

     030150)1,(61,1,  nSnznynx  

It is noted that (3) may be solved through different methods 
leading to different patterns of solutions to (1) which are 
illustrated below.   
 
Pattern: 1 
Write 9 as 
 

  525i29 i         (4) 

Assume    bibb 5a5ia5az 22      (5) 
 

Where a, b are non-zero distinct integers. 
 
Using (4) & (5) in (3) and applying the method of 
factorization, define 

  255i2= v5i +u bia        (6) 
 
Equating the real and imaginary parts, we have 

abbabauu 10102),( 22 
abbabavv 45),( 22   

Substituting the above values of u & v in equation (2), the 
values of x and y are given by 

abbabaxx 6153),( 22               (7) 

abbabayy 145),( 22        (8) 
 
Thus (5), (7) & (8) represents a non-zero distinct integral 
solutions of (1) in two parameters. 
 
Properties 

     0Pr361,31,  nnnynnx  

      ataaxaaz ,430,,3
Nasty number 

        bazbaybax ,18,3,7 Perfect square 

     0721,31, 522  nPnnynnx  

     2
,330Pr6,1,13 nn tnnxnnz 

 
 
Pattern: 2 
Write 9 as 

  52-5i2-9 i         (9) 
 
Using (5) & (9) in (3) and applying the method of 
factorization, define 

  255i2-= v5i +u bia            (10) 
 
Equating the real and imaginary parts, we have 

abbabauu 10102),( 22   
abbabavv 45),( 22   

 
Substituting the above values of u & v in equation (2), the 
values of x and y are given by 

abbabaxx 145),( 22            (11) 

abbabayy 6153),( 22           (12) 
 
Thus (5), (11) & (12) represents a non-zero distinct integral 
solutions of (1) in two parameters. 
 

Properties 

     0Pr36Pr,1Pr,13  nnn yx  
      abbaybaz 6,,3 Nasty number 

       272,36,14,6 abazbaybax   

     nOHnnxnny 10812,312, 22 
 

 
    5121,1,3 ,3  nn tSnnynnz

 
 

Pattern: 3 
Instead of (5), we write z as 

  bibba 5a-5ia-5z 22          (13) 
 
Using (9) & (13) in (3) and applying the method of 
factorization, define 

  255i2-= v5i +u bia           (14) 
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Equating the real and imaginary parts, we have 

abbabauu 10102),( 22 
abbabavv 45),( 22   

 
Substituting the above values of u & v in equation (2), the 
values of x and y are given by 

abbabaxx 145),( 22           (15) 

abbabayy 6153),( 22              (16) 

 
Thus (13), (15) & (16) represents a non-zero distinct integral 
solutions of (1) in two parameters. 
 

Properties 

     411,11,1 CSzx   

 rNastynumbeaaayaaz  230),(),(3  

 1)1,1()1,1(3 4  Ptyx  

 
nnnn zx Pr14Pr10)Pr,1()Pr,1( 2   

 2
,336),(),(3 ntnnynnx   

 
Pattern: 4 
Write (3) in the form of ratio as, 
 

 
q

p

zu

vz

vz









2

52zu

, 0q   
 
Which is equivalent to the following two equations 
  0p-2q  pvquz  
  0525  qvpuzpq  
 
On employing the method of cross multiplication, we get 

pqq 10102pq)u(p,u 22   
pqq 45pq)v(p,v 22   

22 5pq)z(p,z q             (17)  
   
Substitute the values of u and v in (2), the values of x and y 
are given by 

pqq 6153pq)x(p,x 22            (18) 

pqq 145pq)y(p,y 22            (19) 
 
Thus (17), (18) & (19) represents non-zero distinct integral 
solutions of (1) in two parameters. 
 
Properties 
     nSOnnynnx 3612,312, 22   

     0630,,3 ,6
2
,2

22  nn CPtnnxnnz  

     nnnynnx Pr361,31,   

     0Pr1421,1, 2
,2  nntnnznny  

          2Pr721,1361,161,114 nnnznnynnx 
 

 

Note 
(3) Can also be expressed in the form of ratio  

  0,
25

2zu









q
q

p

zu

vz

vz  
 

Repeating the analysis as above the corresponding integer 
solutions along with properties are presented below. 
The solution is  

pqq 6315pq)x(p,x 22           
pqq 14p5q)y(p,y 22     

22p5q)z(p,z q  
 

Properties 

      236,,3 aaaxaay Perfect square 

     024,, 2
,2  ntnnznny  

     nntnnznnx Pr6301,31, 2
,2   

     03612,312, 22  nSOnnynnx  
      2

,230,3, ntnnznnx Nasty number 

 

Pattern: 5 
Consider (3), as 

19z9z= 5v + u 2222              (20) 

Write 1 as,   
9

525i2
1

i
         (21) 

 

Using (4), (5) & (21) in (20) and applying the method of 
factorization, define 

  255i2= v5i +u bia   
3

5i2   

 
Equating the real and imaginary parts and replacing a by 3A & 
b by 3B, we have 

ABB 12015-3AB)u(A,u 22   
ABB 66012AB)v(A,v 22   

Also, (5)   )5B + 9(AB)z(A,z 22         (22) 
 

Substituting the above values of u & v in (2), the values of x 
and y are given by 

ABB 126459AB)x(A,x 22          (23) 

ABB 11475-15AB)y(A,y 22          (24) 
 

Thus (23), (24) & (22) represents the non-zero distinct integral 
solutions of (1) in two parameters. 
 

Properties 

     09721,131,15 1,3  tyx
 

       ntnnznnx Pr126181,11,1 1,3 
 

     0Pr126901,Pr1,Pr 1,3  nnn txz  

     0162810,5,3  nSnnxnny  

     nttnznx ,21,3 12618,1,1   
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Note 
Instead of (21), one may also consider 1 as 

  
9

52-5i2-
1

i


            (25) 
 
Substituting (4), (5) & (25) in (20) and following the 
procedure presented above, the corresponding integral 
solutions of (1) are given by 

abba 6153b)x(a,x 22                                                                     
abb 615-3ab)y(a,y 22   

                                                                   
Properties 

     2Pr75)Pr,1(9Pr,1Pr,1 nnnn zyx   
     0930,1,1 2

,3
2
,2  nn ttnynx  

      29,,3 aaayaaz Nasty number 

 
2222 675)]12(,1[(9)]12(,1[()]12(,1[( nOHnnznnynnx 
 

 
0Pr309)]1(,1[()]1(,1[( 2

2,1  ntnnynnx
 

 
Pattern: 6 
In addition to (25), consider 1 as    

  
49

5325i32
1

i


            (26)                 
 
Substituting (5), (9) & (26) in (20) and following the 
procedure presented above, the    corresponding integral 
solutions of (1) are given by 

ABB 714105-21AB)x(A,x 22   
ABB 406665-133AB)y(A,y 22   

 22 5A49B)z(A,z B  
 
Properties 

 nnnn zx Pr14994Pr2450)Pr,1(9)Pr,1(21 2   

 nnnxnny Pr12348)1,(19)1,(3 
 

 
52

,2 56841862))1(,(7))1(,(19 nn Ptnnnynnnz 
 

 nSOnnxnny 12348)12,(19)12,(3 22 
 

 nntnnznnx Pr149942450),1(9),1(21 2
,2 

 
 
Note 
Instead of (26), we write 1 as 

  
49

532-5i32-
1

i


    
 
Following the procedure presented above, the corresponding 
integral solutions of (1) are given by 

ABBA 546525105B)x(A,x 22   

ABBBAy 14805-161A),(y 22   

 22 5BA49),(z  BAz  
 

Properties 

 
22

1,3 Pr308706174)Pr,1(39)Pr,1( nnn tyx 
 

 698)1,1(126)1,1(39)1,1( Ptzyx   

 
2
,24

22 98322)1,(23)1,(7 ntPtnzny 
 

 
22

,2
22 2778306174)12,(39)12,( nn OHtnnynnx 

 
 nn SOtnnznny 9811270),12(23),12(7 2

,2
22 

 
Pattern: 7 
Equation (3) can be written as  

222 59 vzu                (27) 
 
Introducing the linear transformations, 

TX 5z   & TX 9v             (28) 
 
In (27), we get 

222 1804X Tu               (29) 
 
Which is satisfied by 

 4),( T               (30) 
22 1512),(  X            (31) 

22 3024),(  u            (32) 

 361512),v( 22   
 
Substituting the values of (30) & (31) in (28) and using (2), 
the corresponding integer solutions of (1) are given by 

 361536),( 22  xx                               
 364512),( 22  yy  
 201512),( 22  zz  

 
Properties 

 nn OHSnnxnny 14420100]),12[(]),12[(3 22   

 
32 864Pr96)]2(),1([3)]2(),1([ nn Pnnnxnnny 
 

 nn CPtnnznny ,6
2
,2

22 5660),(),( 
 

 31)1,1()1,1( CSyx   

 nnnn CSzyx Pr8024)1,(Pr4)1,(Pr)1,(Pr 2   

 
Note 
In addition to (28), one may also consider the linear 

transformations TX 5z   & TX 9v  . Following the 
method presented above, different set of solutions are 
obtained.  
 
3. Conclusion 
In this paper, we have obtained infinetly many non-zero 
distinct integer solutions to the ternary quadratic diophantine 
equation represented by 

222 18z =4xy  - )y+3(x  
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As quadratic equations are rich in variety, one may search for 
their choices of quadratic equation with variables greater than 
or equal to 3 and determine their properties through special 
numbers. 
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