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Abstract

Orthogonal bimatrices are studied as a generalization of orthogonal matrices. Some of the properties of
orthogonal matrices are extended to orthogonal bimatrices. Some important results of orthogonal
matrices are generalized to orthogonal bimatrices.
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1. Introduction

Matrices provide a very powerful tool for dealing with linear models. Bimatrices are still
a powerful and an advanced tool which can handle over one linear model at a time.
Bimatrices are useful when time bound comparisons are needed in the analysis of a model.
Bimatrices are of several types. We denote the space of nxn complex matrices by Cnxn. For

T Al At
AEC’HXH,A’A A

determinant of A respectively. If AA =A'A=I then A is an orthogonal matrix, where I is the
identity matrix. In this paper we study orthogonal bimatrices as a generalization of
orthogonal matrices. Some of the properties of orthogonal matrices are extended to
orthogonal bimatrices. Some important results of orthogonal matrices are generalized to
orthogonal bimatrices.

and det (A) denote transpose, inverse, Moore-Penrose inverse and

2. Preliminaries
Definition 2.1 B

A bimatrix Ag is defined as the union of two rectangular array of numbers A; and A,
arranged into rows and columns. It is written as Ay = A U A, with A # A, (except zero
and unit bimatrices) where,

1 1 1 2 2 2

a, a, - g, ay & Ay,
1 1 1 2 2 2

A= 8y &y And A = 8y 8y Ay
1 1 1 2 2 2

A A o @pg A 8n Ay

"U" is just for the notational convenience (symbol) only.

Definition 2.2 B!
et AB - Ai ~ A2 and CB = Cl UCz be any two m x n bimatrices. The sum DB of the

bimatrices Ag and Cg is defined as
Dy =A;+Cy =(AUA)+(C,UC,)
=(A+C,)uU(A, +C,)
Where A +C, and A, +C, are the usual addition of matrices.
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Definition 2.3 [4
If Ay =AUA, and C; =C, UC, be two bimatrices, then A; and C; are said to be equal (written as Ay =C,) if
and only if A; and C; are identical and A; and C; are identical. (That is, A; = Cy and A; = Cy).

Definition 2.4 1]
Given a bimatrix A; = A \U A, and ascalar A, the product of A and Ay written as A Ay is defined to be

Aoy, Aay, e A, Aa  Aay, - Jay,
A - Ay Adp Ay, | A8y dap o A2, =(AA UAA,).
/’lai]l ﬂ/a]r;]z e j’a:rlnn ﬂ,ail iarznz te //z’a:-m

That is, each element of A; and A, are multiplied by A

Remark 2.5 ]
If A; =A U A, beabimatrix, then we call A; and Az as the component matrices of the bimatrix As.

Definition 2.6 B!
If Ay =A UA, and Cy =C, UC, are both n x n square bimatrices then, the bimatrix multiplication is defined as,

Ag xCy :(A.LCl)U(AZCZ)'

Definition 2.7 &%)
Let AZ"™ = A U A, be a mxm square bimatrix. We define 15" =1"" U I1™™ = 1"" U 1;""to be the identity
bimatrix.

Definition 2.8 FI
Let Aé"xm = A U A, be asquare bimatrix, Ag is a symmetric bimatrix if the component matrices A; and A; are symmetric

matrices. i.e, A = Al and A, = Al.

Definition 2.9 &
Let Ag"™ = A U A, be a mxm square bimatrix i.e, A; and A, are mxm square matrices. A skew-symmetric bimatrix is a

bimatrix Ag for which A; = —A; , where —A; = —AiT V) —A2T i.e, the component matrices A; and A; are skew-symmetric.

3. Orthogonal Bimatrices
Definition 3.1
A bimatix A, =AUA, is said to be orthogonal bimatrix, if AAl =AIA; =1, (or)

(AlAiT UAA ) = (AiT AUA Az) = |, U l,.(Thatis, the component matrices of Ag are orthogonal.)
Thatis, Ap = A" (or)(AiT UA ) = (Afl ) Az’l)
Remark 3.2

Let A; = A U A, be aorthogonal bimatrix. If A; and A; are square and possess the same order then Ag is called square
orthogonal bimatrix, and if A; and A; are of different orders then Ag is called mixed square orthogonal bimatrix.

Example 3.3

J2 1 3] 2 2 1
1 1 _ N
1 A= _6 2 2 0 |u 3 —2 1 2| isasquare orthogonal bimatrix.

NG
V2 1 3] 1 -2 2
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cos@ 0 sind@
cos@ sin@

@)%—{

vl 0 1 0 is a mixed square orthogonal bimatrix.
—-sin@ cosd

sind 0 -—cosé
Theorem 3.4
Let A; = A UA, and B, = B, UB, be given bimatrices.
(1) If Agis symmetric bimatrix then Ag and AA; are symmetric bimatrices for an arbitrary 4.

(2) If Ag and By are symmetric bimatrices of the same order then A & B are symmetric bimatrices as well.

(3) If Agis symmetric bimatrix then its Moore-Penrose inverse A; is symmetric bimatrix.
Proof
A; = A U A, Is symmetric bimatrix, if A} = A, (i.e,(Alu AZ)T =A UA =AU AZ)
T T
@ (A) =(AUA) =(AUA,) and

(AA) = (AA UAA) = AN VAN =AA UAA =A(AUA)
= AA,.

@ (A +B,) =[(AUA,)%(B,UB,)]
=(AUA,) +(BUB,)
= (A UA)x(B UB,)
=A, +B,.

@ (A) =(AUA) =(Aun) =(Aun) =A.

Theorem 3.5
If Ay = AU A, is symmetric bimatrix, then A] A, and A, + Al are symmetric bimatrices.

Proof

Let Ag = A U A, is symmetric bimatrix, if Al = A, (i_e,(Aiqu)T =A UA :A&UAZ)'
Hence, (A1) =[(ATUAT)(AUA)]
(AAUAA)
(AA)o(AA)
(A uA)(AUA)

=AA;.

and(A,+ ALY =[(AUA)+(A UA)]
(A +A)o(A+A])]
(AT +A)o(A +A)
(

AUA)+HA LA
+ AL

~1015~
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Theorem 3.6
1) If Ag = A UA, is skew-symmetric bimatrix then A, — Al is skew-symmetric bimatrix.

(2) If A, and B, are skew symmetric bimatrices of the same order then A, & B, are skew symmetric bimatrices as

well.

Proof
Let Ay = A U A, is skew-symmetric bimatrix, if AL =—A,.

(i.e,(Alqu)T A UA =—A U-A, )

Hence,(AB—Ag) [(A&UAZ A1UA2]
=[(A-A)o(A-A)]
=(A—N)Tu<Az—AJ)T
=(A-A)u(A-A)

Theorem 3.7
Let A; = A UA, and B; = B, U B, be given bimatrices.

(1) If Ag is skew symmetric bimatrix then A; is skew symmetric bimatrix as well.
(2) If A, is skew symmetric bimatrix then A A, is skew symmetric bimatrix for an arbitrary 4.

(3) If Ay is skew symmetric bimatrix then its Moore-Penrose inverse Ag is skew symmetric bimatrices.

Proof

A, = A U A, is skew symmetric bimatrix, if Ag (A1 UAz) A1UA2)
O (A) =(AvA) =(AT) V(A) =(AUA)=-(A VA )=-A.
@ (2A) =(1AUAA)
=AIA UAA
(K UK
=-2(AUA,)
=—AA;.
© (A) =(AVA) =(A UA) =—(AUA) =-AL

~1016 "~
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Corollary 3.8
Every square bimatrix can be written as a sum of symmetric and skew symmetric bimatrices.
Proof
By Theorem 3.5 and 3.6 we have, (AB + A; ) is symmetric bimatrix and (AB - A; ) is skew symmetric bimatrix.
1 1
Therefore A, =(A UA,) =E(AB + AL )+E(AB - A;)
1 1
= [(AUA)+(A VA [+ [(AUA) (A UA )]
1 1
=LA+ A )u(A+A) [+ 2] (A=A )o(A-A))]
Definition 3.9

Let A, =(AUA)eC,, and B, =(B,UB,)eC,, be given bimatrices. A; is said to be orthogonally bisimilar
to By, there exists a orthogonal bimatrix Qy =(Q, W Q,)eC, suchthat A; = Qg B, Q5.
(ie.(AUA)=(Q VQ])(B,UB,)(QUQ,)=(QABQ) (AU BQ,))-

That is, the components A; and A, are orthogonally similar to B; and Bs.

Remark 3.10
Orthogonal bimatrices also characterized by their inverses. Before discussing this, we need a brief digression on the

transpose of a bimatrix As. The main properties of transpose which we have seen are (A.l )T =A;, (AB B )T =BLAL,
det( A,B, ) = det (A, )= det(B, ), det(A;)=det(A]), and det(l,)=1

components I; and I, are 1).

(i.e, determinant value of the identity

Theorem 3.11
(1) If A, = A U A, is orthogonal bimatrix then det Ag=* 1

(2) If A; = A U A, isorthogonal bimatrix then —Ag, A; and A" are orthogonal bimatrices as well

(3) If A, =A UA, and B, = B, U B, are orthogonal bimatrices then A, B, is also orthogonal bimatrix.

proo'f&B = A U A, is orthogonal bimatrix, if Aj = A" (i.e,(AlT U AzT):(AflU Azfl))_
(1) 1=det(l,)=det(A,A])

=det[ (A UA) (A UA))|=det (A UA,) det (AT UA])

=det (A UA,) det (A UA,) =[det (A UA)T.
=[-(aua)]

=[-(AT oA

=[-(A"uAY]

-[-(AuA)]’

=(-A) "
(A OA) (At oAl =(A A =(A)

and

(A) =(A*UA?) =(ATUA ) =(ATUAY) =(AT)

@ (-A)

T

(A)

~1017~
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@ (AB) =[(AvA)(B UB)| =(8 uB) (AuA)

Bl UB; )(AT LA

B,'UB,)(ATUAY

QuB)(Aug)

(A UA) (B UB,)[
By) "

(
(
(
[
(A

Theorem 3.12

If A, =A UA, is real skew symmetric bimatrix such that A} + 1, = O, ( (Al e AZ) (I e IZ):OB)
then A, is orthogonal bimatrix and is of even order.

Pmif#\u&mmmmemmwmmmmﬁﬁz—%
_ (AuA)=-(AUA)

_ (Aup)=—~(AuA)
 (AVA)(AUA)=-(AUA) (A UA)

= (Ava) =—(AUA)(AUA)

= 0,-(1,ul) = (AUA) (A LA
= (o) =(AUA) (A UA)
— I, =A + Al
Again [A U A =|AT U AT | and [kA LKA, |= K"
Since, Ay =(-1) A
(Nu%)%4xAu%)
= [ATVR[=(-
o[-y ]|ALUA2|—O.
Hence, either |A1 U A2|= 0 or 1-(-1)" =0, thatis n is even.
But(AluAQ)z (| Ul )— (| ul,)
=|A uAQ‘ )" #0.

Hence the only p055|b|I|ty Ieft that Ag is of even order.

Al (% Az ‘ , where n is the order of Ag.

Theorem 3.13
(1) If A, =A U A, is symmetric bimatrix such that A2 = I then A, is orthogonal bimatrix

1 1
(2) If A;=A UA, is asquare bimatrix and A, _EIB and Ay +§IB are orthogonal bimatrices then Ag is skew

symmetric bimatrix.
Proof

(1) A; =A UA, issymmetric bimatrix and (Al UA, )2 =1, Ul,.
Hence, 1, U1, =(A UA,) =(A UA)(A UA)=(A UA)(A UAT).

~1018 ~
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Similarly we can prove (A1 UAz)( UAzT)= I, V.
Therefore (A U A, J(AT VA )= (A UA (A UA)=1, U,

Hence, A, AL = I.

. 1 1Y 1 1)
Since (AB+EIBJ(AB+EIBJ =1, and [AB—EIBJ(AB—EIBJ =g

o (A oa)r (A oa)[=~(AUA)-(AUA)
- (AVA)=—(AvA)

= Ag:—AB.

Theorem 3.14

Let J; = J, U J, be the diagonal bimatrix with entries =1 and A; = A U A, is orthogonal bimatrix then
@ JgAs =(J,A U J,A,) isorthogonal bimatrix.
() Agds =(AJ, U A,J,) isorthogonal bimatrix.
(c) AgJgA; is orthogonal bimatrix.
(d) JgAgJ; is orthogonal bimatrix.

Proof

A; = A U A, Isorthogonal bimatrix, if A=A (i-e’ (AiT UAzT)Z(Ai_lUAz_l))-
Hence

@ (JA) =[(3,u3,)(AUA)T
(AUA) (3,03,)
(AT VA (37w
(AvA) (4 03,)
(

-1

(3 v3)(AvA)]
A)"

=[(AVA)(3LI) T
3,ud,) (AUA)

® (AJds)

]
(J;
(3 U3 (AT UAY
(3 03,) (A uA)
[
(A

(AuA)(3,u3)]
J)

~1019~
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© (AJeA) =[(AUA)LUL)(AUA)]
=(AUA) [(AUA)LUI,)]
=(AUA) [(AUA)(LVI,)]
~[(AUA)(LUL)(AUA)]
=(AdaA)

@ (JeAJe) =[(LUI,)(AUA)(IUI,)]

Theorem 3.15
If A;=A UA, is orthogonal bimatrix such that (AiTquT)z(Aiqu) and (Aquzz)z(llulz)then
Ay + A, =1 and Ay Ay, =Og, where Ay = [(I ul ) (A UAZ)] and Ag, = [(I ul ) (Al UAZ)] are

projection bimatrices.

Proof

A; = A U A, Is orthogonal bimatrix, (AiT UA;)—(AlUAZ) and (Aquzz)z(llulz)
= A, +A, = [(l Ul,)+(A UA)|+ [(l Ul,)-(A UA)]
= A, +A,=1,. And
S AA, =T (|1u|2)+(AluA2)][(|lulz)—(Aqu)]
(on) ~(ava)]
)-

(1, u1,)-(1, ulz)]

Aoy g, =

4
17
4L
1r
Z

Theorem 3.16
Let | —(I ul )be a given identity bimatrix and let Qg = (Q1 UQZ)EC be an orthogonal bimatrix, and set
Rs =(R,UR,)=Q 1;Qg and S =(S,US, ) =Q, A; Qg Then

@ A;=AUA eC, isorthogonal bimatrix if and only if S§ Ry S; = R;.
() A, =AUA eC,__ issymmetric bimatrix if and only if S{ Ry = R;S,.
€ A,=AUA eC,_ isskew symmetric bimatrix if and only if S Ry = —RgSj.

~1020~
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Proof

@)

Se Ry Sg =R,
(S uS, ) R, uRz)(SluSZ)z RluRz)

(
=[(Que)(Aua)

)

)

(o)) [
(Q V@ )(AUA)(QT v )] =
S[(Q U ) (A uA)(Q v ][(Qve,)
_ ( ( =

Q,

(QUQ)(AVA)Q V)
[QAQ UQAQ][Q LA U

¢

[Q1,Q] UQ,1,Q] ]

Q
1,3 J[QAQ VQAY | _
J=[(@nar)v(@re)]

(QAQQLAQAQ)U(QAQQLQQAY)

(QALAQN)U(QA LAY )] =[(Q1LQ])u(Q 1LY

(QAAQN)U(QATAQ) =] (1A ) (1LY )]

< (QUQ)(AAUAA)Y UQ)=(Q v, )(l, ul,)(Q vQ])
<(AAUAA)=(1, UL,

o (A VA )(A UA)=(1,u1,)

S ANA =1,

g 0 ¢

T
(b) Sg Rg=Rgog

=[(Q ua)(L vr)(@ wal)][(@ ve.)(A v

=[QAY)v(QAQ)][(@Lal)v(QLe)]
=[(@ 1,9/ Q1Y) |U[(QAQT)U(QAQ )]

(QAQQ LY )U(QAQR1,Q])]

=[(@LQAQAQ)|V[(@1L,AQAQ])]

S[(QALQ)U(QALY)]=[(ALAQ)]Y[(1,AQ)]

S[(QAY)U(QAQ)]=[(QAY)v(QAY)]

=(Q UQ)(AUA)Q V) =(Q VR, )(A UA)(Q V)

(A UA)=(AUA)

S A=A

0




() SgRs=-RgSg
& (8{US])(R VR ) =~(R R, )(S; VS,

=[(@va)(a qu)(QJ 0o )] [(@ e ) (1 vt ) (@ e )]
=-[(Q uQ)(L UL ) ve))][(Q ue)(A vA)(Q vy )]
(Q 00 (A wA)(@ wQ) [ [(Q &) (1 vk )(Q Ve )|
-[(Q uQ)(LuL)(@ v [(Que)(A vA)(Q vy
QAQ )U(QAQ)][(Q1Q)u(Q1Q])]
-[[(@nal va.Le))]u[(QAQ)v(eAd)]]
(QAQQLQ)U(QAQIR1,Q])]
--[[(@LQAQ)]U[(1,QQ,AQ] )]
(ALY )u(A L) =-[[(QLAY)]u[(Q1LAQ])]]
(QAQ)U(QAQ)]=-[(2AQ )u(QAQ])]
(QuQ)(AT VAT)(QI Q) |=-{(Q v )(A v A )(Q e

(A UA)=-(AUA)

o AL =-A,.

(@) If A;=A UA, is non-singular bimatrix, then Ay =GzQg, where Qg = (Q1 qu)eCnn is complex
orthogonal bimatrix, Gg =(G1 UG, ) eC

1 1 I 1 1 T
— —~ —_—

0

0

0

0

wen 1S COMplex symmetric bimatrix and Gy is a bipolynomial in ABAB .

(b) suppose A, =G,Q,, where G =G§ andQ,Q; = I,. Then G = A AL. If G, commute with Qg then A,
commutes withA; . Conversely, if A; commutes /—\; and G; is a bipolynomial in ABA;, then Gz commutes
with Qg .

Proof
(@) If Ay =G;Qg for some symmetric bimatrix Gg (i.e,(GlT UG, ) = (G1 UG, )) and orthogonal bimatirx Qg then

ABA; = GBQBQ;G;
=(6,v6G,) (Q Q) (A v ) (6 VG;)
=(6,.Q QG LG,Q,QG;)
=(G,G] UG,G;])
=(G, UG,) (6] LG;)

2
=(G, UG,)
=G
So Gy must be a square root ofABAg. Since A, U A, is non-singular bimatrix and has non-singular square roots.

Among the square roots of ABAE . Then G, must be symmetric bimatrix. Since ABAg is symmetric bimatrix and any

bipolynomial in a symmetric bimartrix is symmetric bimatrix. Now define Q, = G,;lAB and compute
~ 1022~
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QsQp = (Q vQ,) (AT vQ) ) =[ (61 UG (A uA ) [(6 UG, (A UA)|
=(670G)(A UA)(A UA) (G UG )
=(6u6;")(6 w6, ) (6 Gy )
=1, Ul,

I

(b) If G, commutes with Qg then G, commutes with Q,*, which is a bipolynomial in Qg . Since Q' = Qg , we have
A=(AUA)(AUA)

-(QwQr)(e. v, ) (@ va,)

=(6.ve.) (@ var)(Q ver)
=(6, UG,)
=(A UA (A UA).
Conversely, if A,AL = ALA,, then
GZ=(G, UG,)

(AUA)(A UA)
(AT UA) (A UA)
[ G uG Ql qu)]T [(G1 uGz)(Q1 qu)]
(QuQl)(6, UG, ) (Q uQ,)
(AU ) (A UA)A UA)(Q UQ,)
= Qs AL AL,
So QBABA; :ABA;QB-

Thatis Qg commute with Ay Al . If G is a bipolynomial in A Al , Qg must also commutes with G, .

Theorem 3.18

Let Ay =A UA, eC, . There exists a complex orthogonal bimatrix Qg = (Q1 UQZ) and complex

nxn

symmetric bimatrix Gg = (Gl UG, ) €C,,, such that Ay =G,Qg if and only if rank (ABAB ) =rank (AgAB)k , for
k=1,2,...,n

Definition 3.19
A matrix A, =AUA eC,_ is called skew orthogonal bimatrix, if AjAl = ALA, =—I,.Equivalently

Al =—AlorAl=Al (i.e, (A UA ) =—(ATUA or(ATUAY) =—(A uA;)).

0O i Ol |1 OO
i 0 0|ul0 O i

0 0 il |0 i O

Example 3.20

A, =

is a skew orthogonal bimatrix.

~1023 ~
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Theorem 3.21
1) if A, = (A1 U A, ) is skew orthogonal bimatrix of odd order then de'[(AB ) =i
(2) 1f Ay = (A1 UA, ) is skew orthogonal bimatrix of even order then det ( AB) ==+1.

B)If Ay = (A1 ) Az) is skew orthogonal bimatrix then AL, — A, are skew orthogonal bimatrix.

Theorem 3.22

L If A =(Al UAZ), Bs :(B1 UBZ)ECnxn are skew orthogonal bimatrix then AgB, and By A; are skew
orthogonal bimatrix.
(2 1If Ay = (A1 )/ Az) is orthogonal (skew orthogonal) bimatrix then iAB is skew orthogonal (orthogonal) bimatrix.
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