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Estimation of error for beta operators

Manoj Kumar

Abstract

Gupta studied error estimation formula for summation integral type operators in 2006. In the recent
years, several researchers proposed and studied beta operators in approximation theory. In the present
paper, we establish an error estimation formula for modified beta operators in linear simultaneous
approximation. To prove our result, we have used the technique of linear approximating method,
namely, Steklov mean.

Keywords: Beta operators, Simultaneous approximation, Linear combinations, linear positive
operators, Steklov mean Integral modulus of smoothness

1. Introduction

Gupta [ studied error estimation formula for summation integral type operators. In the
present paper, we study an error estimation formula in simultaneous approximation for the
linear combinations of the operators introduced by Gupta et al. 1. The modified beta
operators introduced by Gupta et al. ! are defined as

B.(f,x) :TWn(x,t)f(t)dt . xe€[0,:) 1.1)

Where

W, (x,1) = . ibn,v (x)b,, (), b, ()= @+t

(n+D) %
And B(v,n+1) =(v-=2)!nl/(n+V)! the Beta function.
It is easily checked that the operators defined by (1.1) are linear positive operators and it is
obvious that B, (4,xX) =1.Also it is observed that the order of approximation by operators

(1.1) is, at best O (n't), howsoever smooth the function may be. Thus, to improve the order of
approximation we may consider some combinations of the operators (1.1). One approach to
improve the order of approximation is the iterative combinations due to Micchelli 4, who
improved the order of approximation of Bernstein polynomials. However, we cannot apply
this approach to the operators (1.1) because for these operators (1.1), we not have
Bn(t—X, X) =0, which is essential property for making iterative combinations. Yet
another approach for improving the order of approximation is the technique of linear
combinations which was first considered by May % to improve the order of approximation
for exponential type operators. In the present paper, we use the later approach, which
described as:

Let do, d1, do... dk be (k+1) arbitrary but fixed distinct positive integers. Then the linear

combination B, (f,k,X) of ijn(f ,X),j=0,1,2...nis defined as

Av,n+1)
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By, (f.X) dgt dg? o dg*
. By (%) d d? d,*
B (f,K,X)="| s i e e 1.2
o ( ) A (1.2)
By (f.x) d dF s d
1 dyt dy® e d;*
1 d* d? d,*
Where A=1|... ... .. .
1 d* d? d*
The above expression (1.2) after simplification may be written as
k
B,(f,k, %) =Y C(J,k)B, ,(f,%) (13
-0
K od,
Wh C(j,k)= , k # 0 and C (0, 0) =1.
ere C(],k) l:o[dj_di and C (0, 0)
i#]
Some basic properties of b, ,(X) are as follows
K v(v+1)
1. [t°b, (1) dt= 1.4
! () dt =2 (L4)
2. Y b, (x)=(n+1) (1.5)
v=l
3. D vb,,(x)=(n+D[L+(n+2)x] (1.6)
v=1
4. YV, () = (N+D[L+3(n+2)x+(n+2)(n+3)x*] (1.7)
v=l
5 X(+x)b,(x) =[(v-1)—(n+2)x]b,,(X) (1.8)

Where ne N and X €[0, ).

Throughout this paper, we may assume that 0 <@, <a, <a, <b, <b; <b, <o and
I, =[a;,b,]wherei=1,2,3.

Let H[O, o0) be the class of all measurable functions defined on [0, o0) satisfying
For some positive integer n.

Obviously, the class H[0, ) is bigger than the class of all lebesgue integrable functions on [0, o) . Therefore, the operators
(1.1) may be applicable for studying a larger class.

The main object of the present paper is to establish an error estimation formula in terms of modulus of continuity 2 %1 in
simultaneous approximation for linear combinations of the operators (1.1). Motivated by the integral modification of Bernstein

~372~



International Journal of Applied Research

polynomials by Durometer B, several researchers have proposed and studied the different family of mixed summation-integral
type operators [1,4,6,9,13,14]

2. Auxiliary Results
To prove our main results, we shall require the following auxiliary results:

Lemma 2.1. For m € N (the set of non-negative integers) and n>m, let the function Hom (X) be defined as

un,m(x)=(8n(t—x)m,x) wa(x)jbw(t)(t—x) dt .

v_1

1 .
Then 4, ,(X) =1, p4,,(X) = , and there holds the recurrence relation

(n - m) :un,m+1(x) = X(1+ X) [:ur/1m (X) + 2rn:un,m—:l.(x)] + (m +1)(1+ 2X):un,m (X) :
Moreover, we have the following consequences about £, . (X) :

L i, (X) is a polynomial in x of degree m,
2. forevery Xe[0,00) , 4z, . (X) = O(nf[(m+l)/2])

Where [ # ] denotes the integral part of ¢ .
Consequently, on using Holder’s inequality, we have from this recurrence relation that

Bn(| t— X|r , X ): O( ”2) For each r >zero and for every fixed X [0, 0).

Proof. Since 4, ,(X) = B, ((t -x)", X), therefore, using linearity property, we have
14,5(¥) =B, (t=x)°x)=B,(Lx) =1 And

110 (%) = B (- ),%) = B (£,) — X8, (1 x) = -2

To prove the recurrence relation we shall make the use of the following identity

x(L+x)b,, () =[(v=2) - (n+2)x]b, , (¥)
Now, we have

XL+ X) ] (X) = (n—il)vilx(u x)b!, (%) j b, . (B)(t—x)"dt

x)"tdt

nyv nyv

Or

x<1+x)[ﬂ;,m<x)+mun,m_l<x)]=m—il)g[(v—1)—(n+2)x]bn,v<x> [, -2

) <—n11) > b, (O] [V-D) - (1+ Dt (1+2)(¢ =, (O - )"t

- 1)anv(x> E+ b, O ~0"dt+ (1+ 2)p1, 4

= m;bn’v(x)_[[(t —X)% + 1+ 2X)(t — X) + X1+ X)] br’w O =x)"dt+(n+2) z¢, 1.1 (X)
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0

LS j txm+2dt+1+2X b, ( j txm+1dt+ Zb j s
v=1

V=, V=

n+1

(n + 2):un,m+l( )

= _(m + 2)/un,m+1(x) - (m +l)(1+ 2X)lun,m (X) - mX(1+ X)ﬂn,m—l(x) + (n + 2)/un,m+1(x)
Thus, we get the required recurrence relation

(n - m)lun,m+1 (X) = (m +1)(1+ 2X):un,m (X) + X(l+ X)[:urgm (X) + 2rn:un,m—l(x)]
The other consequences follow easily from the above recurrence relation.

LN
fN

Lemma 2.2. For m € N and sufficiently large n € N , there holds the following recurrence relation
B,((t—x)",k, x)=n"*?[Q(m,k, x)+0(1) ]

Where Q(m, K, X) is a certain polynomial in x of degree m and X € [0, o0) is arbitrary but fixed.

Proof. Using Lemma 2.1, for sufficiently large n, we can write

m 0o (X) a, (X) q[m/z](x)
Bn((t_x) 'X)= n[(r?1+l)/2] n[(ml+1)/2]+1 ot qm +

Where (; (X),i=0 1,2,3 ... are certain polynomials in x of degree at most m.

Now, we have
( W) G0 ) g ogr g
don[(m+1)/2] don[(m+1)/2]+1 0 0 0

0, (X) q,(X) L i
(d n[(zm“)’zl " d n[é””)’zlﬂ to|odtod?oL df
1 1

B,(t—x)",k,x)==

O o o
[d n?(m”)’zl "4 n[(lm+1)/2]+1 R R PR by
k k

= n_(kﬂ)[Q(m, k,Xx)+o0(1) ] , for each fixed X € [0, 00) .
This completes the proof of the Lemma 2.2.

Lemma 2.3. Form e N°, if the m™ order moment for the operators (1.1) be defined as

1 g v-1 "
X — =X,
nm() ( 1)vl HV( )(n+2 )
Then, we haveU, ,(X) =1,U, ,(X) = 0 and there holds the recurrence relation
/

(142U, 1 (9 = XA+ 0L, () +MU, (0]
Consequently, for each X € [0,0) , we have from this relation that

U, (x) = O( nf[(m+1)/2]),

Where [ & ] denotes the integral part of & .

Proof. Using the definition of U | . (X) and basic properties of b, , (X) , we obtain U, ,(X) =1 andU ,(x)=0.

Now, we have
AP R (=) 1 v-1
X(1+X)U/ . (X) = Z_:x(1+x)bnyv(x)(n+2 x] x(1+x)(n+1)21nv() ( - x)

(n+1) =

Thus using basic properties of b, , (X) , we get

x(1+ X)[U;,m(X) + mUn’m_l(x)]: (n—l+1)i[(v_l) ~(n+2)x]b,, (%) [:T_;_ xj
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_(n+2) o V_—l_ m+1
_(n+1)vz_1:b”’V(X)(n+2 Xj

= (n + 2)Un,m+l(x)

This completes the proof of the recurrence relation.
The other consequence follows easily from the recurrence relation.

Lemma 2.4([12]). There exist the polynomials Qiyj’r(x) independent of n and v such that

[x@+x)]' DD, ,(x) = Z(n +2)'[(v=2) - (n+2)x]'Q, ;, ()b, ,(x),
il
Where D" is the r" order differentiation operator?

Lemma25.1fC(j,k),j=0,1,2, ..., k are defined as in (1.3), then we have
1 for m=0

k
C(j.k)d;" = :
JZ_;‘ (1K), {0 for m=12, ..,k

Proof. From relations (1.2) and (1.3) we get

d,™ dt dg? dg,* 1 dyt dy? e

) d," d d? o d,* 1 d* d?

DCHKA™ = e e
j=0

d" dl d? d* 1 dt d?

Which implies that
1 for m=0

kK
C(j.k)d;"= :
JZ_(; (3K, {0 for m=12,..,k

Lemma 2.6. For p,g € N° , we have

(n—]_;_l)ibn,v (X) | (V_l) - (n + 2)X|pjbn,v (t) |t— X |q dt = O(n(P—Q)/Z)

Proof. Using Schwarz inequality for integration and then summation, Lemma 2.1 and Lemma 2.3, we have

! ibnyv(x) |(v—1)—(n+2)x|prnyv(t) |t—x]|"dt

(n+1) =
12
<

< (nil) ibn,v(x) [(v—1)—(n +2)X|p(fbn,v(t) dtJ Ubn,v(t) (t—x)% dtj

:(n—il)ibnyv(x) |(v—1)—(n+2)x|pUbn’v(t) (t—x)zthJ

1/2

. . s 1/2 1 - o 2
s[m;bn,v(x) [(v-D)-(n+2)x] j [mgbn,xx)!bn,v(t) (t-x) dt}

=0(n?'?) O(n""'?) =0 ")

3. Error estimation formula

Now we begin to prove the main results of this section, namely, error estimation formula.
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Theorem: Letl< p<2k+2, re Nand the function f € H[0,0)be bounded on every finite subinterval of [0,0),
satisfying f(t) =O(t")as t — oo for somey >0. If " exists and is continuous on (a—A,b+ A) < (0,0) where
A >0, having the modulus of continuity @ _,.,, (&) on(a—A,b+ A), then for sufficiently largen € N , we have

H B (f.k, - )—fO(-) Smax{Cln*p’Za)f(W(n*”Z) , Czn*('“l)},

Cla,b]

Where C, =C,(k, p,r) andC, =C,(k, p,r, f).

Proof. Let ¢(t)be the characteristic function of the interval (a— A, b+ A) . Since f **” exists, therefore, for t [0, 00)
and X € [a,b], we can write

pr £ (i) ) (p+r) (p+1)
f(t)= Zfl_(x)(t x)'+[f ((62+:)| (X)]

Where £ lies between t and x, and

p+r £ (i)
Fa=fO-Y —(t-x

i=0

=) (1) +[1-4(O] F(t, %)

Using linearity of B,Er)( -, K, X) , relation (1.3) and the above expansion of f (t), we have

B (f (1), k, x)— F(x) = {if(l.)(x) B (- %', k,x)- fm(x)}

i=0

dnv

k (p+r) (p+1)
DA d_nl+ > (x)denv(t)[f o 00— gt

(n
+ZC(J k)(d D _lbdw(x)jbdm(t)[l POIF (¢, X)clt

—E1+E2+E3 (say)

Using Lemma 2.2, we obtain

El{f 00 g0y k) f<f>(x)}

= !

= O(n_(k+l)) Uniformly for all X € [a,b].

In order to estimate E,,

1 & [ £()— f“’”’(x)]
I _1bnv<x>jbnv<t) Tl —X)""p(t)dt.

Since for every 0 > 0 we have

t_
R SO L) B

Therefore, using Lemma 2.4 and the above inequality, for all 6 >0 ye obtain

(+2)i i |Quir09)]
|E21|<§ i ey O X P )
i,j=0
(p+r) (p+r)
) J.bnv(t)‘f (&) f (x)\|t_x|p+r¢(t)dt

(p+r)!
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c 2
- (pixr)) 22} ((”nil)) > |v=1-(n+2)x|'b,, (9

i,j>0

X JAbn,v(t)[l—i_%j a)f(p+r) (5)|t_x|p+rdt
0

< S0, Y ‘”*2)2 [v=1)~(n+2)x|'b,, ()

(p+1)! g (N4
=
. . t— p+r+l
y J.bnyv(t) |t—X|p +¢ dt;
0 o
Where  C() = L
r = - H Tyl )1
ere 21+ <1 xelab] [x@+X)]'
i,j>0

Applying Lemma 2.6 and choosing 0 = n2 , We get

|E21| C( )) o (n—uz) Z(n N 2)i[o(n(j—p—r)/2)+ n1/20(n(j—p—r-1)/2)]
- 2i+j<r
i,j20
_ (;:-(’_Xl?wa(p”) (2 Z[O(n(2i+j—p—r)/2)+O(n(2i+j—p—r)/2)] < Csn—pIZCof(pH)(n—l/Z)
. 2i+j<r

=

Consequently, applying Lemma 2.5, we get
E,| < C4n’p/2a)f<p+,) (n™?) where C,=C,(k,p,r).

Now, since for te[0,0)\(a—A,b+A), we can always choose a ¢ > Osuch that |t—X|25 for all X €[a,b],
therefore, using Lemma 2.4 we get

1 (r)
Eal=| i 2 (x)f by, (O[1- O] F (&, X) it
si > 42 |<v D -(n+2)x [‘?'1”();[ b,, (%) [y, (O [F(t )]t
+J<r |t-x |28

Let s be any integer > maX{]/, 2k +r+ 2}. Then for |t - X| >0 there exists a positive constant C, such that

|F(t,x)|<Cst—x[
Thus, using above inequality and Lemma 2.6, we obtain
Ey<Cy Y (n+2)' & Z |(v—1)—(n+2)x|'b,, (x) [, @) |t-x[dt

2i+j<r (n l) [t-x |25
i,j20

<c, X D5 j-y-( 2w [ 6,0

N (n 1) [t-x =5
i,j>0

<C, 2. ((nn+21)) Z |(v=1)—(n+2)x| bnv(x)jbnv(t) t—x[“dt
2i+j<r
i,j>0

=C, Z(n n 2)i0(n(ifzq)/2) <C, O(n(FZQ)/Z): C, O(nf(ku)),
2i+j<r
i,j20
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Where q is a positive integer greater than s/2.
Consequently, using Lemma 2.5, we obtain  |E;| < Can ™ where G, =Cy(k, p, 1, f).

Finally, collecting the estimates of E1, E; and Es, we get the required result.
This completes the proof of the theorem.
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