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1. Introduction

The concept of fuzzy set was introduced by Zadeh in his classic paper 4. The theory of
fuzzy topological spaces was introduced and developed by C.L.Chang ™. Since Atannasov [
23l introduced the notion of intuitionistic fuzzy sets, Coker [ defined the intuitionistic fuzzy
topological spaces. The concept of Volterra spaces have been studied extensively in classical
topology [ 7> 8. The concepts of fuzzy Volterra spaces, fuzzy weakly Volterra spaces and
generalized fuzzy Volterra spaces in fuzzy topological spaces are introduced and studied by
the authors in > 1. The concept of intuitionistic fuzzy weakly Volterra space was
introduced and studied by the authors in ! 'l In this paper we study the characterizations of
intuitionistic generalized fuzzy Volterra spaces.

2. Preliminaries
Definition 2.1. 1 Let X be a non-empty fixed set and I the closed interval [0,1]. An
intuitionistic fuzzy set (IFS) A is an object of following form

A= (< 2,14(0), 8,(0) > |x € X}
where the mappings p,: X — I and 94: X — I denote the degree of membership (namely)
ta(x) and the degree of non-membership (namely) 9,(x) for each element x € X to the set
A respectively, and 0 < p,(x) + 94(x) < 1 foreach x € X.

Definition 2.2. [ Let A and B be IFS’S of the form A = {< x, p,(x),9,4(x) > |x € X}
and B = {< x, ug(x),95(x) > |x € X}. Then

(1) AC Biff uy(x) < pg(x) and 9,(x) = 95(x) ;

(ii) A= {<x,9,(x)(x), 1a(x) > |x € X} ;

(i)  ANB={<xus(x) App(x),9,(x)(x) VI, (x)(x) > |x € X};

(iv)  AUB={<x,u (x) Vug(x),9,(x)(x) A9, (x)(x) > |x € X}.

Definition 2.3.110_ = {< x,01 >x € X}and 1. ={<x,1,0 >x € X} .

Definition 2.4. ° An intuitionistic fuzzy topology (IFT for short) in Coker’s sense on a

Correspondence nonempty set X is a family t of intuitionistic fuzzy sets in X satisfying the following axioms:
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In this case the pair (X,t) is called an intuitionistic fuzzy
topological space (IFTS for short) and each IFS in 7 is
known as an intuitionistic fuzzy open set (IFOS for short) in
X.

Definition 2.5. P! The complement A of an IFOS A in an
IFTS (X,7) is called an intuitionistic fuzzy closed set (IFCS
for short) in X.

Definition 2.6. ! Let (X,1) be an IFTS and

A = {< x,uy(x),94(x) > |x € X} be an IFS in X. Then the
fuzzy interior and fuzzy closure of A are defined by

IFcl(A) =n{K:K isan IFCS in X and A € K}

and

IFint(A) =U {G: G is an IFOS in X and G S A}.

Proposition 2.7. P Let (X,t) be an IFTS and A be IFS’S in
X. Then the following properties hold:

@) 1 -1Fcl (A) =1F int(1 - A),

(ii) 1 - IFint (A) =1F ci(1_- A).

Definition 2.8. ) An IFS A in an IFTS X is called an
intuitionistic fuzzy preopen set (IFPOS for short) if

A C int(cl(A)). The complement A of an IFPOS in X is
called an intuitionistic fuzzy preclosed set (IFPCS for short)
in X.

Definition 2.9 1 Let 4 = {< x, uy(x),94(x) >:x € X} be
an IFS in IFTS X. Then

IFpreint(A) = U {G:G is an IFPOS in X and G S A} is
called an intuitionistic fuzzy preinterior of A;

IFprecl(A) =N {K:K is an IFPCS in X and A € K} is an
intuitionistic fuzzy preclosure of A.

Definition 2.10. [''! An IFS A in an IFTS X is called an
intuitionistic fuzzy dense if there exists no intuitionistic
fuzzy closed set B in (X,1) such that ACBCI1 _.

Definition 2.11. [''l An intuitionistic fuzzy set A in an
intuitionistic fuzzy topological space (X,t) is called an
intuitionistic fuzzy nowhere dense set if there exists no
intuitionistic fuzzy open set U in (X,t) such that U € IFc/
(A). That is, IFint IFcl (4) =0..

Theorem 2.12. " If A is an intuitionistic fuzzy nowhere
dense set in IFTS (X,7), then 1 _- A is an intuitionistic fuzzy
dense set in (X,7).

Definition 2.13 'l An intuitionistic fuzzy set A in an
intuitionistic fuzzy topological space (X,t) is called an
intuitionistic fuzzy Gs set in (X,7) if A = N2, 4; where A; €
1, for each i.

Definition 2.14. 'l An intuitionistic fuzzy set A in an
intuitionistic fuzzy topological space (X,t) is called an
intuitionistic fuzzy Fs set in (X,1) if 4 = UjZ; 4; where A; €
1, for each i.

Definition 2.15. ['% Let (X,1) be an IFTS. Then (X;1) is
called an intuitionistic fuzzy Volterra space if IFc/
(N1 4;) = 1_, where A; ‘s are intuitionistic fuzzy dense
and intuitionistic fuzzy Gs sets in (X,1).

Definition 2.16. 'l Let (X,t) be an IFTS. Then (X,1) is
called an intuitionistic fuzzy weakly Volterra space if IFc/
(N2, 4;) #0_, where A; ‘s are intuitionistic fuzzy dense
and intuitionistic fuzzy Gs sets in (X,1).

Definition 2.17. "'l An intuitionistic fuzzy set A in an
intuitionistic fuzzy topological space (X,t) is called an
intuitionistic fuzzy first category set if A = U;Z, 4;, where
A; ‘s are intuitionistic fuzzy nowhere dense sets in (X,7).
Any other intuitionistic fuzzy set in (X,t) is said to be of
second category.

Definition 2.18. 'l An IFTS (X,1) is called an intuitionistic
fuzzy first category space set if 1. = UjZ; 4;, where A; ‘s
are intuitionistic fuzzy nowhere dense sets in (X,7). (X,7) is
called an intuitionistic fuzzy second category space if it is
not an intuitionistic fuzzy first category space.

Definition 2.19. 'l An IFTS (X,1) is called an intuitionistic
fuzzy P-space if countable intersection of intuitionistic
fuzzy open sets in (X,) is intuitionistic fuzzy open in (X,1).

Definition 2.20. ' An IFTS (X,1) is called an intuitionistic
fuzzy submaximal space if for each intuitionistic fuzzy set A
in (X,7) such that IFc/ (A)=1_, then Ae t.

Definition 2.21. ') An IFTS (X,1) is called an intuitionistic
fuzzy D-Baire space if every intuitionistic fuzzy first
category set in (X,7) is an intuitionistic fuzzy nowhere dense
in (X,7).

3. Intuitionistic fuzzy Volterra space

Definition 3.1. Let A be an intuitionistic fuzzy first category
set in intuitionistic fuzzy topological space (X,t). Then 1 -A
is called an intuitionistic fuzzy residual set in (X,1).

Definition 3.2. An IFTS (X,r) is called an intuitionistic
fuzzy &, -Volterra space if

IFel (N7, 4;) =1, where A; ‘s are intuitionistic fuzzy
dense and intuitionistic fuzzy residual sets in (X,t).

Proposition 3.3. If the IFTS (X,7) is an intuitionistic fuzzy
& -Volterra space, then

IFint (Ui 4;) = 0., where the IFS, A; ‘s are intuitionistic
fuzzy first category sets such that IFint (A;)=0_ in (X,7).
Proof. Let A; ‘s (i=1,2,...,n) be intuitionistic fuzzy first
category sets such that IFint (A;)=0_ in (X,t). Then (1_ -
A;)’s are intuitionistic fuzzy residual sets such that IF¢/ ( 1 -
A;)=1_1in (X,1). Since (X,t) is an intuitionistic fuzzy &, -
Volterra space, IFel (Nj=;(1.—A4;)) = 1.. Then IFc/ (1_ -
ULt,;4;)=1.and hence 1 . - IFint(UL,4;) =1_.
Therefore, we have IFin#(U7,4;) = 0., where A; ‘s are
intuitionistic fuzzy first category sets such that IFint (A;)=0_
in (X,7).

Proposition 3.4. Let (X,1) be an intuitionistic fuzzy ¢,-
Volterra space. Then (X,t) is an intuitionistic fuzzy Volterra
space.

Proof. Let A; ‘s (i=1,2,...,n) be intuitionistic fuzzy dense
and intuitionistic fuzzy Gs sets in (X,1). Then, A; ‘s are
intuitionistic fuzzy residual sets in (X,t). This implies that
A; ‘s are intuitionistic fuzzy dense and intuitionistic fuzzy
residual sets in (X,t). Since (X,r) is an intuitionistic
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fuzzy e,-Volterra space, IFc/ (N2, 4;) = 1 .. Hence (X,1) is
an intuitionistic fuzzy Volterra space.

Proposition 3.5. If each intuitionistic fuzzy nowhere dense
set is an intuitionistic fuzzy closed set in an intuitionistic
fuzzy Volterra space (X,t), then (X,t) is an intuitionistic
fuzzy &, - Volterra space.

Proof. Let A; ‘s (i=1,2,...,n) be intuitionistic fuzzy dense
and intuitionistic fuzzy residual sets in (X,t). Since A; ‘s are
intuitionistic fuzzy residual sets, (1_- A; )’s are intuitionistic
fuzzy first category sets in (X,1). Now 1_- A, =Uil; By,
where B;; ‘s are intuitionistic fuzzy nowhere dense sets in
(X,1). From the hypothesis, the intuitionistic fuzzy nowhere
dense sets B;;‘s are intuitionistic fuzzy closed sets and hence
(1~ A;)’s are intuitionistic fuzzy Fs sets in (X,t). Therefore
A; ‘s are intuitionistic fuzzy Gs sets in (X,1). Since (X,1) is
an intuitionistic fuzzy Volterra space, IFel (N2, 4;) =1..
Hence (X,1) is an intuitionistic fuzzy &,- Volterra space.

Definition 3.6. An IFTS (X,7) is called an intuitionistic
fuzzy nodec space if every non-zero intuitionistic fuzzy
nowhere dense set A is intuitionistic fuzzy closed in (X,7).
That is, if A is an intuitionistic fuzzy nowhere dense set in
(X,1), then 1 - Aet.

Proposition 3.7. If the IFTS (X,1) is an intuitionistic fuzzy
Volterra space and intuitionistic fuzzy nodec space, then
IFTS (X,7) is an intuitionistic fuzzy &,- Volterra space.
Proof. Let (X,1) be an intuitionistic fuzzy Volterra space
and intuitionistic fuzzy nodec space and A; ‘s (i=1,2,...,n)
be intuitionistic fuzzy dense and intuitionistic fuzzy residual
sets in (X,1). Since A; ‘s are intuitionistic fuzzy residual sets,
(1.~ A;)’s are intuitionistic fuzzy first category sets in (X,1).
Now 1_- A;=U{l, B;j, where B;; ‘s are intuitionistic fuzzy
nowhere dense sets in (X,7).Since (X,t) is an intuitionistic
fuzzy nodec space, intuitionistic fuzzy nowhere dense sets
B;;’ s are intuitionistic fuzzy closed in (X, ). By the
Proposition 3.5, (X,1) is an intuitionistic fuzzy &,- Volterra
space.

Proposition 3.8. If the IFTS (X,1) is an intuitionistic fuzzy
Volterra space and intuitionistic fuzzy submaximal space,
then (X,7) is an intuitionistic fuzzy &, - Volterra space.
Proof. The proof is similar to Proposition 3.7.

Proposition 3.9. If the IFTS (X,7) is an intuitionistic fuzzy
&, -Volterra space and intuitionistic fuzzy D-Baire space,
then IFint(U}-, 4; ) = 0_, where the IFS, A;‘s are
intuitionistic fuzzy first category sets in (X,1).

Proof. Let (X,7) be an intuitionistic fuzzy &, -Volterra space
and intuitionistic fuzzy D-Baire space and A; ‘s
(i=1,2,3,...,n) are intuitionistic fuzzy first category sets in
(X,1). Since (X,1) is an intuitionistic fuzzy D-Baire space,
the intuitionistic fuzzy first category sets A; ‘s are
intuitionistic fuzzy nowhere dense sets in (X,t) and hence
(1~ A;)’s are intuitionistic fuzzy dense sets in (X,t). Then
(1- A; )’s are intuitionistic fuzzy dense and intuitionistic
fuzzy residual sets in (X,tr). By the hypothesis, IFc/
(N, (1. — 4;)) = 1. This implies that

IFel (1-U%L,4;) =1.— IFint (UX,4;) =1_. Therefore
IFint (UL, 4;) = 0_, where the IFS,, A; ‘s are intuitionistic
fuzzy first category sets in (X,t).

Definition 3.10. Let (X,t) be an IFTS. Then (X,7) is called
an intuitionistic fuzzy Baire space if IFint (Ujz; 4;) = 0.,
where A; ‘s are intuitionistic fuzzy nowhere dense sets in
X,0).

Proposition 3.11. If U, A4;, where the IFS, A; ‘s are
intuitionistic fuzzy nowhere dense sets, is an intuitionistic
fuzzy nowhere dense set in an intuitionistic fuzzy Baire
space (X,1), then (X,7) is an intuitionistic fuzzy &,- Volterra
space.

Proof. The proof is similar to Proposition 3.7.

Proposition 3.12. If each intuitionistic fuzzy first category
set is an intuitionistic fuzzy closed set in an intuitionistic
fuzzy Baire space (X,t), then (X,7) is an intuitionistic fuzzy
&~ Volterra space.

Proof. Let (X,7) be an intuitionistic fuzzy Baire space and
Ai's (i=1,2,3,...,n) are intuitionistic fuzzy dense and
intuitionistic fuzzy residual sets in (X,t). Since A; ‘s are
intuitionistic fuzzy residual sets, (1_- A; )’s are intuitionistic
fuzzy first category sets in (X,1). By the hypothesis, the
intuitionistic fuzzy first category sets (1- A; )’s are
intuitionistic fuzzy closed sets in (X,t) and hence A; ‘s are
intuitionistic fuzzy open sets in (X,tr). Since A; ‘s are
intuitionistic fuzzy dense and intuitionistic fuzzy open sets
in (X,1), (1_- A;)’s are intuitionistic fuzzy nowhere dense
sets in (X,t). Since (X,t) is an intuitionistic fuzzy Baire
space, IFint (U~,(1.— 4y)) € IFint (UZ,(1. -
A))=0_.That is, IFint (Uj-,(1.— 4;)) = 0.. Hence

IFel (N7, 4;) =1_where A; ‘s are intuitionistic fuzzy
dense and intuitionistic fuzzy residual sets in (X,1).
Therefore (X,1) is an intuitionistic fuzzy &,- Volterra space.

Definition 3.13. An IFTS (X,1) is called an intuitionistic
fuzzy €,-Volterra space if IFcI(NjL; A;)=1_, where the IFS,
A; ‘s are intuitionistic fuzzy pre-open and intuitionistic
fuzzy G;s sets in (X,71).

Proposition 3.14. If the IFTS (X,7) is an intuitionistic fuzzy
&p-Volterra space, then IFinf(UiL, 4;) = 0., where the TFS,
A; ‘s are intuitionistic fuzzy pre-closed and an intuitionistic
fuzzy Fs sets in (X,7).

Proof. Let A; ‘s (i=1,2,3,...,n) be intuitionistic fuzzy pre-
closed and intuitionistic fuzzy Fs sets in (X,t). Then (I_-
A;)’s are intuitionistic fuzzy pre-open and intuitionistic
fuzzy Gs sets in (X,1). By the hypothesis, IFe/ (N72,( 1. —
A;)) = 1.. Then

IFcl(1_-UP, 4;) = 1. — [Fint (UYL, 4;) =1_Therefore, we
have IFint (U%X,4;) = 0. where A; ‘s are intuitionistic
fuzzy pre —closed and intuitionistic fuzzy F sets in (X,1).

Proposition 3.15. If the IFTS (X,7) is an intuitionistic fuzzy
gp-Volterra space, then (X,1) is an intuitionistic fuzzy
Volterra space.

Proof. Let A; ‘s (i=1,2,3,...,n) be intuitionistic fuzzy dense
and intuitionistic fuzzy Gs sets in (X,t). Since A; ‘s are
intuitionistic fuzzy dense sets, IFc/ (4;)=1_. Now IFint(IFcl
(4y))) =1_. Then A; € IFint(IFcl (4;)). Since (X,t) is an
intuitionistic fuzzy &,- Volterra space and A; ‘s are
intuitionistic fuzzy pre-open and intuitionistic fuzzy Gs sets
in (X,1), IFc/ (Nj=; 4;) = 1, where A; ‘s are intuitionistic
fuzzy dense and intuitionistic fuzzy Gs sets in (X,1). Hence
(X,7) is an intuitionistic fuzzy Volterra space.
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Proposition 3.16. If [Fpreint(Uj; 4;) = 0_, where the IFS,
A; ‘s are intuitionistic fuzzy pre-closed sets in an
intuitionistic fuzzy topological space (X,t), then (X,7) is an
intuitionistic fuzzy &,-Volterra space.

Proof. Let A; ‘s (i=1,2,3,...,n) be intuitionistic fuzzy pre-
open and intuitionistic fuzzy Gs sets in (X,t). Then (1_- A))’s
are intuitionistic fuzzy pre-closed in (X,tr). By the
hypothesis, [Fpreint(Ui=, (1. — 4;))=0._.

This  implies  that 1. — IFprecl (Nj=;4;) =0_and
hence IFprecl (N}=, 4;) =1_. Since IFprecl (NL,4;) S
IFcl(Ni,4;), we have IFcl(N},A4;)=1. Therefore
IFcl(Ni=; Ay)=1_ where A; ‘s are intuitionistic fuzzy pre-
open and intuitionistic fuzzy Gs sets in (X,t). Hence (X,7) is
an intuitionistic fuzzy &,-Volterra space.

Proposition 3.17. If IFprecl (Nj=; 4;) = 1., where the IFS,
A; ‘s are intuitionistic fuzzy pre-open sets in an intuitionistic
fuzzy topological space (X,t), then (X,7) is an intuitionistic
fuzzy &,-Volterra space.

Proof. The proof is similar to Proposition 3.16.

Proposition 3.18. If A=U},;A4;, where A, ‘s are
intuitionistic fuzzy pre-closed sets, is an intuitionistic fuzzy
pre-nowhere dense set in an intuitionistic fuzzy topological
space (X,1), then (X,1) is an intuitionistic fuzzy &,-Volterra
space.

Proof. Suppose that A= U], A4;, where A; ‘s are
intuitionistic fuzzy pre-closed sets and A is an intuitionistic
fuzzy nowhere dense sets in (X,t). Then IF
preint(IFprecl(A))=0_.

Since  IFpreint(A)SIFpreint(IFprecl(A)),  we  have
IFpreint(A)=0_. Then IFpreint(U;Z; A;)=0_, where A; ‘s are
intuitionistic fuzzy pre-closed sets in (X,t). Hence by
proposition 3.6, (X,t) is an intuitionistic fuzzy &,-Volterra
space.

Proposition 3.19. If each intuitionistic fuzzy pre-closed set
is an intuitionistic fuzzy nowhere dense sets in intuitionistic
fuzzy e,-Volterra space (X,t), then (X,7) is an intuitionistic
fuzzy &,-Volterra space.

Proof. It is clear from the Definition 3.2 and Definition
3.13.

Proposition 3.20. If an intuitionistic fuzzy &,-Volterra
space (X,7) is an intuitionistic fuzzy submaximal space, then
(X,7) is an intuitionistic fuzzy &,-Volterra space.

Proof. Immediate from the definitions.

Proposition 3.21. If each intuitionistic fuzzy nowhere dense
set is an intuitionistic fuzzy closed set in an intuitionistic
fuzzy e,-Volterra space (X,1), then (X,7) is an intuitionistic
fuzzy &, -Volterra space.

Proof. It is clear from the definitions.

Proposition 3.22. If an intuitionistic fuzzy e,-Volterra
space (X,1) is an intuitionistic fuzzy nodec space, then (X,t)
is an intuitionistic fuzzy &, -Volterra space.

Proof. Let (X,7) be an intuitionistic fuzzy &,-Volterra space
and an intuitionistic fuzzy nodec space. Since (X,1) is an
intuitionistic fuzzy nodec space, each intuitionistic fuzzy
nowhere dense set is an intuitionistic fuzzy closed set in
(X,7). By Proposition 3.21, (X,7) is an intuitionistic fuzzy &,
-Volterra space.
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