
 

~893~ 

 
ISSN Print: 2394-7500 
ISSN Online: 2394-5869 
Impact Factor: 5.2 
IJAR 2016; 2(7): 893-900 
www.allresearchjournal.com 
Received: 20-05-2016 
Accepted: 21-06-2016 
 
Mary Margaret A 
Research Scholar, Department 
of Mathematics, Nirmala 
College for Women, 
Coimbatore, Tamil Nadu, 
India. 
 
Arockiarani I 
Department of Mathematics, 
Nirmala College for Women, 
Coimbatore, Tamil Nadu, 
India. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Correspondence 
Mary Margaret A 
Research Scholar, Department 
of Mathematics, Nirmala 
College for Women, 
Coimbatore, Tamil Nadu, 
India. 

 
Generalized pre-closed sets in vague topological spaces 

 
Mary Margaret A and Arockiarani I 
 
Abstract 
This paper is developed to study a new class of sets in vague topological spaces namely vague 
generalized pre-closed sets. Further we have introduced some new generalized space to analyse their 
properties. Also some applications of vague generalized pre-closed sets namely vague pT1/2 space and 
vague gpT1/2 space are given. 
 
Keywords: Vague topology, vague generalized pre-closed sets, vague pT1/2 space and vague gpT1/2 
space. 
 
1. Introduction 
Closed sets are fundamental objects in a topological space. One can define the topology on a 
set by using either the axioms for the closed sets. In 1970, Levine [7] initiated the study of 
generalized closed sets. By definition, a subset S of a topological space X is called 
generalized closed if cl(A) ⊆U whenever A ⊆U and U is open. This notion has been studied 
extensively in recent years by many topologists because generalized closed sets are not only 
natural generalizations of closed sets. More importantly, they also suggest several new 
properties of topological spaces. 
The concept of fuzzy sets was introduced by Zadeh [14] in 1965. The idea of fuzzy set is 
welcome because it handles uncertainty and vagueness which Cantorian set could not 
address. In fuzzy set theory, the membership of an element to a fuzzy set is a single value 
between zero and one. The theory of fuzzy topology was introduced by C.L. Chang [5] in 
1967; several researches were conducted on the generalizations of the notions of fuzzy sets 
and fuzzy topology. In 1986, the concept of intuitionistic fuzzy sets was introduced by 
Atanassov [2] as a generalization of fuzzy sets.  
The theory of vague sets was first proposed by Gau and Buehre [6] as an extension of fuzzy 
set theory and vague sets are regarded as a special case of context-dependent fuzzy sets. The 
basic concepts of vague set theory and its extensions defined by [4, 6]. In this paper we 
introduce the concept of vague generalized pre closed sets and vague generalized pre-open 
sets and we also obtain their properties and relations with counter examples. 
 
2. Preliminaries 
Definition 2.1: [3] A vague set A in the universe of discourse X  is characterized by two 
membership functions given by: 
1. A true membership function  1,0: XtA  and 
2. A false membership function  1,0: Xf A . 
 
where  xtA  is lower bound on the grade of membership of x derived from the “evidence 
for x ”,  xf A  is a lower bound on the negation of x  derived from the “evidence for x ” and 
    1 xfxt AA . hus the grade of membership of x in the vague set A is bounded by a 

subinterval     xfxt AA 1,  of [0, 1]. T This indicates that if the actual grade of membership

 x , then      xfxxt AA  1 . The vague set A  is written as 

     XxxfxtxA AA  /1,,  where the interval     xfxt AA 1,  is called the 

“vague value” of x  in A and is denoted by  .xVA  
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Definition 2.2: [3] Let BAand  be VSs of the form      XxxfxtxA AA  /1,,  and  

     XxxfxtxB BB  /1,, . Then 

a) BA  if and only if    xtxt BA   and    xfxf BA  11  for all Xx . 
b) BA   if and only if BA  and AB  . 
c)      XxxtxfxA AA

c  /1,, . 

d)              XxxfxfxtxtxBA BABA  /11,, . 

e)              XxxfxfxtxtxBA BABA  /11,, . 

For the sake of simplicity, we shall use the notion      xfxtxA AA  1,,  instead of

     XxxfxtxA AA  /1,, . 
 
Definition 2.3: Let  ,X  be a topological space. A subset A of X is called: 

i) semi closed set (SCS in short)[8] if    ,int AAcl   

ii) pre- closed set (PCS in short)[11] if    ,int AAcl   

iii)  -closed set ( CS in short)[12] if     ,int AAclcl   

iv) regular closed set (RCS in short)[13] if   .int AclA   
 

Definition 2.4: Let  ,X  be a topological space. A subset A of X is called: 

i) generalized closed (briefly, g-closed) [7] if   UAcl  , whenever A ⊆U and U is open in X . 

ii) generalized semi closed (briefly, gs-closed) [1] if   UAscl  whenever A ⊆U and U is open in X . 

iii) α-generalized closed (briefly, αg-closed) [9] if   UAcl  whenever A ⊆U and U is open in X . 

iv) generalized pre closed (briefly, gp-closed) [10] if   UApcl  whenever A ⊆U and U is open in X . 
 
3. Vague Topological Space 
Definition 3.1: A vague topology (VT in short) on X is a family  of vague sets (VS in short) in X satisfying the following 
axioms. 
 0, 1   
   2121 ,Gany for, GGG  

   ./familyanyfor   JiGG ii  
 

In this case the pair  ,X  is called a vague topological space (VTS in short) and any VS in is known as a vague open set 
(VOS in short) in X . 
The complement cA of a VOS in a VTS  ,X  is called a vague closed set (VCS in short) in X . 
 
Definition 3.2: Let  ,X  be a VTS and   AA ftxA  1,,  be a VS in X . Then the vague interior and a vague closure 
are defined by 
    ,andinVOSais/int AGXGGAv   

    .andinVCSais/ KAXKKAvcl   
 

Note that for any VS A in  ,X , we have           .intandint cccc AvclAvAvAvcl   
 
Definition 3.3: A VS   AA ftxA  1,,  in a VTS  ,X  is said to be a 

i) vague semi closed set (VSCS in short) if    .int AAvclv   

ii) vague semi open set (VSOS in short) if   .int AvvclA  

iii) vague pre- closed set (VPCS in short) if    .int AAvvcl   

iv) vague pre-open set (VPOS in short) if   .int AvclvA  
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v) vague  -closed set (V CS in short) if     .int AAvclvvcl   

vi) vague  -open set (V OS in short) if    .intint AvvclvA  

vii) vague regular open set (VROS in short) if   .int AvclvA   

viii) vague regular closed set (VRCS in short) if   .int AvvclA   
 

Definition 3.4: Let A be a VS of a VTS  ,X . Then the vague semi interior of A (  Avs int in short) and vague semi 

closure of A (  Avscl in short) are defined by 

    ,andinVSOSais/int AGXGGAvs   

    .andinVSCSais/ KAXKKAvscl   
 

Result 3.5: Let A  be a VS of a VTS  ,X , then 

i)     AvclvAAvscl int  

ii)     AvvclAAvs intint   
 

Definition 3.6: Let A be a VS of a VTS  ,X . Then the vague alpha interior of A (  Av int  in short) and vague alpha 

closure of A (  Aclv in short) are defined by 

    ,andinOSVais/int AGXGGAv    

    .andinCSVais/ KAXKKAclv    
 

Result 3.7: Let A  be a VS of a VTS  ,X , then 

i)      AvclvvclAAclv int  

ii)      AvvclvAAv intintint   
 

Definition 3.8: A VS A of a VTS  ,X  is said to be a vague generalized closed set (VGCS in short) if   UAvcl   
whenever UA   and U  is a VOS in X . 
 
Definition 3.9: A VS A of a VTS  ,X  is said to be a vague generalized semi closed set (VGSCS in short) if 

  UAvscl   whenever UA   and U  is a VOS in X . 
 
Definition 3.10: A VS A of a VTS  ,X  is said to be a vague alpha generalized closed set ( GCSV  in short) if 

  UAclv  whenever UA   and U  is a VOS in X . 
 

Definition 3.11: Let  ,X  be a VTS and   AA ftxA  1,,  be a VS in X . The vague pre interior of A  is denoted 

by  Avp int  and is defined by the union of all vague pre-open sets of X  which are contained in A . The intersection of all 

vague pre-closed sets containing A is called the pre-closure of A  and is denoted by  Avpcl . 

    ,andinVPOSais/int AGXGGAvp   

    .andinVPCSais/ KAXKKAvpcl   
 

Result 3.12: Let A  be a VS of a VTS  ,X , then     AvvclAAvpcl int  
 
4. Vague generalized pre-closed set: 
In this section we introduce vague generalized pre-closed set and some of its properties. 
 

Definition 4.1: A VS A is said to be a vague generalized pre-closed set (VGPCS in short) in  ,X  if   UAvpcl   

whenever UA  and U is a VOS in X . The family of all VGPCSs of a VTS  ,X  is denoted by VGPC  X . 
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Example 4.2: Let  baX ,  and let  1,,0 G  is a VT on X , where     5.0,3.0,7.0,4.0,xG  . Then the VS 

    6.0,3.0,5.0,1.0,xA   is a VGPCS in X . 
 
Theorem 4.3: Every VCS is a VGPCS but not conversely. 
 

Proof: Let A be a VCS in X and let UA   and U is a VOS in  ,X . Since    AvclAvpcl   and A  is a VCS in X , 

    UAAvclAvpcl  . Therefore A is a VGPCS in X . 
 
Example 4.4: Let  baX ,  and let  1,,0 G  is a VT on X , where     5.0,3.0,6.0,5.0,xG  . Then the VS 

    8.0,6.0,4.0,3.0,xA   is a VGPCS in X but not a VCS in X . 
 
Theorem 4.5: Every V CS is a VGPCS but not conversely. 
 

Proof: Let A  be a V CS in X and let UA   and U is a VOS in  ,X . By hypothesis,     AAvclvvcl int . 

Since          AAvclvvclAvvclAvclA  intint, . Hence   UAAvpcl  . Therefore A  is a VGPCS in X . 
 
Example 4.6: Let  baX ,  and let  1,,0 G  is a VT on X , where     7.0,3.0,6.0,5.0,xG  . Then the VS 

    5.0,3.0,6.0,5.0,xA   is a VGPCS in X but not a V CS in X  since     .1int AAvclvvcl   
 
Theorem 4.7: Every VGCS is a VGPCS but not conversely. 
 

Proof: Let A  be a VGCS in X and let UA   and U is a VOS in  ,X . Since    AvclAvpcl   and by hypothesis, 

  UAvpcl  . Therefore A  is a VGPCS in X . 
 

Example 4.8: Let  baX ,  and let  1,,0 G  is a VT on X , where     7.0,6.0,9.0,5.0,xG  . Then the VS 

    4.0,2.0,4.0,3.0,xA   is a VGPCS in X  but not a VGCS in X since   .1 GAvcl   
 
Theorem 4.9: Every VRCS is a VGPCS but not conversely. 
 

Proof: Let A  be a VRCS in X . By Definition 3.3,   AvvclA int . This implies     AvvclAvcl int . Therefore

  AAvcl  . That is A  is a VCS in X . By Theorem 4.3, A is a VGPCS in X . 
 

Example 4.10: Let  baX ,  and let  1,,0 G is a VT on X , where     .6.0,4.0,5.0,3.0,xG  Then the VS 

    7.0,4.0,8.0,5.0,xA   is a VGPCS in X  but not a VRCS in X since 

        .6.0,4.0,7.0,5.0,int AxAvvcl   
 
Theorem 4.11: Every VPCS is a VGPCS but not conversely. 
 

Proof: Let A  be a VPCS in X and let UA  and U is a VOS in  ,X .By Definition 3.3,    AAvvcl int . This 

implies      AAvvclAAvpcl  int . Therefore   UAvpcl  . Hence A  is a VGPCS in X . 
 

Example 4.12: Let  baX ,  and let  1,,0 G  is a VT on X , where     8.0,4.0,7.0,4.0,xG  . Then the VS 

    9.0,6.0,8.0,5.0,xA   is a VGPCS in X  but not a VPCS in X  since    .1int AAvvcl   
Theorem 4.13: Every V GCS is a VGPCS but not conversely. 
 

Proof: Let A  be a V GCS in X and let UA   and U  is a VOS in  ,X .By Result 3.7, 

    UAvclvvclA  int . This implies     UAvclvvcl int and    UAvvcl int . Therefore 

     UAvvclAAvpcl  int . Hence A  is a VGPCS in X . 
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Example 4.14: Let  baX ,  and let  1,,0 G  is a VT on X , where     5.0,3.0,5.0,2.0,xG  . Then the VS 

    3.0,2.0,4.0,1.0,xA   is a VGPCS in X but not a V GCS in X  since   .1 GAclv   
 
Proposition 4.15: VSCS and VGPCS are independent to each other. 
 

Example 4.16: Let  baX ,  and let  1,,0 G  is a VT on X , where     5.0,3.0,5.0,2.0,xG  . Then the VS 

GA   is a VSCS in X  but not a VGPCS in X since TA  but   .1 GAvpcl   
 

Example 4.17: Let  baX ,  and let  1,,0 G  is a VT on X , where     8.0,5.0,7.0,6.0,xG  . Then the VS 

    9.0,6.0,7.0,4.0,xA   is a VGPCS in X  but not a VSCS in X  since    .1int AAvclv   
 
Proposition 4.18: VGSCS and VGPCS are independent to each other. 
 

Example 4.19: Let  baX ,  and let  1,,0 G  is a VT on X , where     5.0,2.0,4.0,3.0,xG  . Then the VS 

TA   is a VGSCS in X  but not a VGPCS in X  since GA   but        .8.0,5.0,7.0,6.0, GxAvpcl   
 

Example 4.20: Let  baX ,  and let  1,,0 G  is a VT on X , where     4.0,3.0,4.0,2.0,xG  . Then the VS 

    4.0,3.0,3.0,1.0,xA   is a VGPCS in X  but not a VGSCS in X  since 

       .7.0,6.0,8.0,6.0, GxAvscl   
Summing up the above theorems, we have the following implication. 
 

 
 

Fig 1 
In this diagram by “A       B” we mean A implies B but not conversely and “A          B” means A and B are independent of 
each other. None of them is reversible. 
 
Remark 4.21: The union of any two VGPCSs is not a VGPCS in general as seen in the following example. 
 
Example 4.22: Let  baX ,  and let     8.0,3.0,7.0,3.0,xG  . Then  1,,0 G  is a VT on X and the VSs

    7.0,6.0,8.0,2.0,xA  ,     8.0,5.0,8.0,5.0,xB   are VGPCSs but BA is not a VGPCS in X . 
 
5. Vague generalized pre-open set 
In this section we introduce vague generalized pre-open set and some of its properties. 
Definition 5.1: A VS A is said to be a vague generalized pre-open set (VGPOS in short) in  ,X  if the complement cA is a 

VGPCS in X . The family of all VGPOSs of a VTS  ,X  is denoted by VGPO( X ). 
 

Example 5.2: Let  baX ,  and let  1,,0 G  is a VT on X , where     7.0,4.0,6.0,5.0,xG  . Then the VS 

    6.0,4.0,7.0,5.0,xA   is a VGPOS in X . 
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Theorem 5.3: For any VTS  ,X , we have the following: 
 Every VOS is a VGPOS 
 Every VSOS is a VGPOS 
 Every V OS is a VGPOS 
 Every VPOS is a VGPOS. But the converses are not true in general. 
 
Proof: Straight forward. 
The converse of the above statements need not be true which can be seen from the following examples. 
 

Example 5.4: Let  baX ,  and     7.0,5.0,7.0,6.0,xG  . Then  1,,0 G  is a VT on X . The VS

    7.0,4.0,6.0,5.0,xA   is a VPSOS in  ,X  but not a VOS in X . 
 

Example 5.5: Let  baX ,  and     7.0,6.0,6.0,5.0,xG  . Then  1,,0 G  is a VT on X . The VS

    7.0,4.0,8.0,6.0,xA   is a VPSOS in  ,X  but not a VSOS in X . 
 

Example 5.6: Let  baX ,  and     7.0,4.0,5.0,4.0,xG  . Then  1,,0 G  is a VT on X . The VS

    6.0,4.0,5.0,3.0,xA   is a VPSOS in  ,X  but not a V OS in X . 
 

Example 5.7: Let  baX ,  and     6.0,5.0,7.0,6.0,xG  . Then  1,,0 G  is a VT on X . The VS

    5.0,2.0,4.0,2.0,xA   is a VPSOS in  ,X  but not a VPOS in X . 
 

Theorem 5.8: Let  ,X  be a VTS. If  XA VGPO  then   AvclvV int  whenever AV  and V is VCS in X . 
 

Proof: Let  XA VGPO . Then cA is a VGPCS in X . Therefore   UAvpcl c  whenever UAc  andU is a VOS in 

X . That is    UAvvcl c int . This implies   AvclvU c int  whenever AU c   and cU is VCS in X . Replacing 
cU by V , we get   AvclvV int  whenever AV   andV is VCS in X . 

 

Theorem 5.9: Let  ,X  be a VTS. Then for every  XA VGPO and for every  ,VS XB   ABAvp int
implies  XB VGPO . 
 

Proof: By hypothesis   ccc AvpBA int . Let UBc   and U be a VOS. Since cc BA  , UAc  . But cA is a 

VGPCS,   UAvpcl c  . Also     ccc AvpclAvpB  int . Therefore     UAvpclBvpcl cc  . Hence cB is a 
VGPCS. Which implies B is a VGPOS of X .  
 
Remark 5.10: The intersection of any two VGPOSs is not a VGPOS in general as seen in the following example. 
 

Example 5.11: Let  baX ,  and let     5.0,4.0,2.0,1.0,xG  . Then  1,,0 G is a VT on X and the VSs

    8.0,5.0,9.0,6.0,xA  ,     6.0,6.0,7.0,6.0,xB   are VGPOSs but BA is not a VGPOS in X . 
 

Theorem 5.12: A VS A of a VTS  ,X  is a VGPOS if and only if  AvpF int  whenever F is a VCS and AF  . 
 

Proof: Necessity: Suppose A is a VGPOS in X . Let F be a VCS and AF  . Then cF is a VOS in X such that cc FA  . 

Since cA is a VGPCS, we have   cc FAvpcl  . Hence    .int cc FAvp  Therefore  AvpF int .  
 

Sufficiency: Let A be a VS of X and let  AvpF int whenever F is a VCS and AF  . Then cc FA  and cF is a 

VOS. By hypothesis,    .int cc FAvp  which implies   cc FAvpcl  . Therefore cA is a VGPCS of X . Hence A is a 
VGPOS of X . 
 

Corollary 5.13: A VS A of a VTS  ,X  is a VGPOS if and only if   AvclvF int  whenever F is a VCS and AF  . 
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Proof: Necessity: Suppose A is a VGPOS in X . Let F be a VCS and AF  . Then cF is a VOS in X such that cc FA  . 

Since cA is a VGPCS, we have   cc FAvpcl  . Therefore    cc FAvvcl int . Hence     cc FAvclv int . This 

implies   AvclvF int .  
 
Sufficiency: Let A  be a VS of X and let   AvclvF int  whenever F is a VCS and AF  . Then cc FA  and cF is 

a VOS. By hypothesis,     cc FAvclv int . Hence    cc FAvvcl int , which implies   cc FAvpcl  . Hence A is a 
VGPOS of X . 
 
Theorem 5.14: For a VS A , A is a VOS and a VGPCS in X if and only if A  is a VROS in X . 
 
Proof: Necessity: Let A  be a VOS and a VGPCS in X . Then   AAvpcl  . This implies    AAvvcl int . Since A  is a 

VOS, it is a VPOS. Hence   AvclvA int . Therefore   AvclvA int . Hence A  is a VROS in X . 
 

Sufficiency: Let A  be a VROS in X . Therefore   AvclvA int . Let UA   and U is a VOS in X . This implies

  AAvpcl  . Hence A  is a VGPCS in X . 
 
6. Applications of vague generalized pre-closed sets: 
In this section we provide some applications of vague generalized pre-closed sets. 
 

Definition 6.1: A VTS  ,X  is said to be a vague 2/1pT (V 2/1pT  in short) space if every VGPCS in X  is a VCS in X .  
 

Definition 6.2: A VTS  ,X  is said to be a vague 2/1gpT (V 2/1gpT  in short) space if every VGPCS in X  is a VPCS in X . 
 

Theorem 6.3: Every V 2/1pT  space is a V 2/1gpT  space. But the converse is not true in general. 
 

Proof: Let X  be a V 2/1pT space and let A be a VGPCS in X . By hypothesis A is a VCS in X . Since every VCS is a 

VPCS, A is a VPCS in X . Hence X is a V 2/1gpT space. 
 

Example 6.4: Let  baX ,  and     7.0,4.0,5.0,4.0,xG  . Then  1,,0 G  is a VT on X . Let

    6.0,5.0,7.0,6.0,xA  . Then  ,X  is a V 2/1gpT  space. But it is not a V 2/1pT  space since A  is VGPCS but not 

VCS in X . 
 
Theorem 6.5: Let  ,X  be a VTS and X  is a V 2/1pT  space then, 
i) Any union of VGPCSs is a VGPCS. 
ii) Any intersection of VGPOSs is a VGPOS. 
 

Proof: i) Let  JiiA  is a collection of VGPCSs in a V 2/1pT space  ,X . Therefore every VGPCS is a VCS. But the union of 

VCS is a VCS. Hence the union of VGPCS is a VGPCS in .X (ii) it can be proved by taking complement of (i). 
 

Theorem 6.6: A VTS X  is a V 2/1gpT  space if and only if    XX VPOVGPO  . 
 

Proof: Necessity: Let A  be a VGPOS in X , then cA is a VGPCS in X . By hypothesis cA is a VGPCS in X . Therefore A
is a VPOS in X . Hence    XX VPOVGPO  . 
 

Sufficiency: Let A be a VGPCS in X . Then cA  is a VGPOS in X . By hypothesis cA is a VGPOS in X . Therefore A is a 
VPCS in X . Hence X is a V 2/1gpT  space. 
 
References 
1. Arya S, Nour T. Characterizations of s-normal spaces. Indian J Pure Appl. Math. 1990; 21:717-719.  
2. Atanassov KT. Intuitionistic fuzzy sets, Fuzzy Sets and Systems, 1986; 20:87-96.  



 

~900~ 

International Journal of Applied Research 
 

3. Biswas R, Vague groups. Internat J Comput. Cognition. 2006; 4(2):20-23. 
4. Bustince H, Burillo P. Vague sets are intuitionistic fuzzy sets, Fuzzy sets and systems. 1996; 79:403-405. 
5. Chang CL. Fuzzy topological spaces. J Math Anal Appl. 1968; 24:182-190.  
6. Gau WL, Buehrer DJ, Vague sets, IEEE Trans. Systems Man and Cybernet. 1993; 23(2):610-614. 
7. Levine N. Generalized closed sets in topological spaces, Rend. Circ. Mat. Palermo. 1970; 19:89-96. 
8. Levine N. Semi-open sets and semi-continuity in topological spaces, Amer. Math. Monthly. 1963; 70:36-41. 
9. Maki H, Balachandran K, Devi R. Associated topologies of generalized α-closed sets and α-generalized closed sets, Mem. 

Fac. Sci. Kochi Univ. Ser. A Math. 1994; 15:51-63. 
10. Maki. H, Umehara. J and Noiri. T, Every topological space is pre- 1/2T , Mem. Fac. Sci. Kochi. Univ. Ser. A. Mah. 1966; 

17:33-42. 
11. Mashour AS, Abd El.ME, Monsef SN, Deeb El. On pre-continuous mappings and weak pre-continuous mappings, Proc. 

Math. Phys. Soc. Egypt. 1982; 53:47-53. 
12. Njastad O. On some classes of nearly open sets. Pacific J Math. 1965; 15:961-870. 
13. Stone M. Application of the theory of Boolean rings to general topology, Trans. Amer. Math. Soc. 1937; 41:374-481. 
14. Zadeh LA, Fuzzy Sets. Information and Control. 1965; 8:338-335.
 


