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Abstract 
The study of HIV infection, transmission and spread of AIDS is quite common by the use of stochastic 
model. The estimation of statistical measure for time to seroconversion of HIV infected over the time 
interval (0,t] is an important aspect which help medical intervention. We propose a stochastic model 
under the assumption that, the interval time between the contacts forms an order statistics and threshold 
follows exponential- geometric distribution. In developing such a stochastic model, the concept of 
shock model and cumulative damage process are used. Numerical illustration provided for different 
combination of parameter involved in the distribution of the random variable used in this model. 
 
Keywords: Human immunodeficiency virus (HIV), acquired immunodeficiency syndrome (AIDS), 
smallest order statistics, antigenic diversity threshold, seroconversion 
 
Introduction 
Human Immunodeficiency Virus (HIV) causes the viral infection that leads to Acquired 
Immunodeficiency Syndrome (AIDS). AIDS is a multifaced problem having medical, social, 
legal, ethical and cultural dimension and only comprehensive solution covering all these 
aspects can succeed. The statistical modeling on AIDS epidemic has played a vital role in 
understanding. The application of mathematical sciences has been found be very useful in the 
study of HIV transmission. In the study of HIV infection, the estimation of likely time at 
which the seroconversion takes place is an important aspect. In the estimation of statistical 
measure to seroconversion, a stochastic model is conceptualized, the taking into 
consideration the relevant random variable which contribute to seroconversion. The 
successive contact of an individual with infected partner result in acquiring more and more of 
antigenic diversity which otherwise can be called antigenic diversity threshold which means 
the antigenic diversity exceed the particular level then it collapse the immune system and 
leads to seroconversion. For a detailed study of antigenic diversity threshold and its 
estimation, one can refer to Nowak and May (1991) [6] and Stilliankis et al., (1994)[8]. 
The time intervals between successive contacts have a major role to play in the determination 
of statistical measures for seroconversion of HIV transmission. Ratchagar et al., (2003)[7] has 
derive a model for the estimation of statistical measure for seroconversion of HIV infected 
using order statistics. Kannan et al., (2008,2010,2013 and 2015)[2, 3, 4,5] have obtain a 
stochastic model for estimation of statistical for seroconversion of HIV infected using order 
statistics and threshold follows Gamma, Erlang-2, Exponentiated exponential and 
exponentiated modified Weibull distribution. In developing such a stochastic model the 
concept of shock model and cumulative damage process are developed by Esary et al., 
(1973)[1] is used. In this paper, it is assume that, the threshold follows Exponential- geometric 
distribution and time interval between successive contacts forms an order statistics. The 
statistical measure for seroconversion are obtained taking time interval between successive 
contacts distributed as smallest order statistics. This is due to the fact that, if the smallest 
order statistics is taken implies that, inter - arrival time are becoming the smaller. Hence 
frequent contact would be possible which interval will have its impact on the time to 
seroconversion. Numerical illustrations are provided using simulated data. 
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Assumptions of the model 
1. The transmission of HIV is only through sexual 

contacts. 
2. An uninfected individual has sexual contacts with HIV 

infected partner and a random number of HIV is getting 
transmitted, at each contact. 

3. An individual is exposed to a damage process acting on 
the immune system and the damage is assumed to be 
linear and cumulative. 

4. The inter–arrival times between successive contacts are 
taken to be identically and independently distributed 
random variables. 

5. The sequence of successive contacts and threshold level 
are independent. 

6. From the collection of large number of inter-arrival 
times between successive contacts of a person, a 
random sample of ‘k’ observations are taken. 

 
 
 

Notations 
 

Xi 

A random variable denoting the increase in the antigenic 
diversity arising due to the HIV transmitted during the ith 
contact X1, X2,…, Xk are continuous i.i.d. random variables, 
with p.d.f. g(.) and c.d.f. G(.). 

Y 
A random variable representing antigenic diversity threshold 
and follows exponential-geometric distribution with 
parameters β and p, the p.d.f. being h(.) and c.d.f. H(.). 

U(1) 
A continuous random variable denoting the inter-arrival 
times between the contacts follows smallest order statistics 

with p.d.f.
 t

(1)uf
 and c.d.f.  

 tF
1u  

gk (.) 
The p.d.f of the random variable 

.X
k

1i
i

  
Fk(.) The kth convolution of F (.). 

T A continuous random variable denoting the time to 
seroconversion with p.d.f. l(.) and c.d.f. L(.). 

Vk(t) Probability of exactly k contacts in (0, t]. 
l*(s) The Laplace Stieltjes transform of l(t). 
f *(s) The Laplace Stieltjes transform of f (t). 

 
 

Results 
 The survival function S(t)is  
	ܵሺݐሻ ൌ ܲሺܶ ൐  ሻݐ

	ൌ ෍ܲݎሼ݁ݎ݄݁ݐ	݁ݎܽ	ݕ݈ݐܿܽݔ݁	݇	ݏݐܿܽݐ݊݋ܿ	݅݊	ሺ0, ሿሽݐ ൈ ݕݐ݅ݏݎ݁ݒ݅݀	ܿ݅݊݁݃݅ݐ݊ܽ	݂݋	݈ܽݐ݋ݐ	݁ݒ݅ݐ݈ܽݑ݉ݑܿ	݄݁ݐሼݎܲ ൏ ܻሽ
ஶ

௞ୀ଴

 

	ܵሺݐሻ ൌ ෍ ௞ܸሺݐሻ

ஶ

௞ୀ଴

ܲ ൥෍ ௜ܺ ൏ ݕ

௞

௜ୀଵ

൩																																																																																																																																																								… ሺ1ሻ 

 
It can be shown that, 

	ܲ ൥෍ ௜ܺ ൏ ܻ

௞

௜ୀଵ

൩ ൌ න ݃௞ሺݔሻܪഥሺݔሻ݀ݔ	

ஶ

଴

 

 
Where,ܪഥሺݔሻ ൌ 1 െ  ሻݔሺܪ
The probability density function of exponential-geometric distribution is, 
 

݄ሺݕሻ ൌ ሺ1ߚ	 െ ሻ݁ିఉ௬ሺ1݌ െ  ఉ௬ሻଶି݁݌
 
and its distribution function is 
 

ሻݕሺܪ ൌ ൫1 െ ݁ିఉ௬൯ሺ1 െ  ఉ௬ሻିଵି݁݌
 
And  

ሻݕഥሺܪ ൌ 	
݁ିఉ௬ሺ1 െ ሻ݌
ሺ1 െ ఉ௬ሻି݁݌

 

 
Since Y is taken to be exponential-geometric distribution (ߚ,  .(݌
Hence  
 

	ܲ ൥෍ ௜ܺ ൏ ݕ

௞

௜ୀଵ

൩ ൌ ሺ1ߠ	 െ ሻ෍ቈ݌
௜ିଵ݌

ߠ ൅ ߚ݅
቉

௞

௜ୀଵ

																																																																																																																																																… ሺ2ሻ	 

 
Substitute equation (2) in equation (1), we get, 

	ܵሺݐሻ ൌ ෍ሾܨ௞ሺݐሻ െ ሻሿݐ௞ାଵሺܨ
ஶ

௞ୀ଴

൥ߠሺെ݌ሻ෍ቈ
௜ିଵ݌

ߠ ൅ ߚ݅
቉

௞

௜ୀଵ

൩ 

 
L(t) = 1 – S(t) 
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	ൌ 1 െ ൝෍ሾܨ௞ሺݐሻ െ ሻሿݐ௞ାଵሺܨ
ஶ

௞ୀ଴

൥ߠሺ1 െ ሻ෍ቈ݌
௜ିଵ݌

ߠ ൅ ߚ݅
቉

௞

௜ୀଵ

൩ൡ 

 

	݈ሺݐሻ ൌ െ	෍ሾ ௞݂
∗ሺݐሻ െ ௞݂ାଵ

∗ ሺݐሻሿ
ஶ

௞ୀ଴

൥ߠሺ1 െ ሻ෍ቈ݌
௜ିଵ݌

ߠ ൅ ߚ݅
቉

௞

௜ୀଵ

൩ 

 
Taking Laplace transform of l(t) is, 

݈∗ሺݏሻ ൌ 	െ෍ሾ ௞݂
∗ሺݏሻ െ ௞݂ାଵ

∗ ሺݏሻሿ
ஶ

௞ୀ଴

൥ߠሺ1 െ ሻ෍ቈ݌
௜ିଵ݌

ߠ ൅ ߚ݅
቉

௞

௜ୀଵ

൩																																																																																																																	… ሺ3ሻ 

 
Where ݂∗ሺݏሻ is the Laplace transform off(.). 
The inter–arrival times U1, U2, U3,…, Uk are i.i.d random variables. Now arranging U1, U2, U3,…,Uk in the increasing order of 
magnitude we get, 
 
U(1) U(2) … U(k). 
 
Now, we Consider the first order statistics, U(1) 
The p.d.f of the smallest order statistics is  
 
	 ௨݂ሺభሻ
∗ ሺݐሻ ൌ ሾ1ܭ െ  ሻݐሻሿ௞ିଵ݂ሺݐሺܨ

 
The Laplace Stieltjes transform the same is given by 

	 ௨݂ሺభሻ
∗ ሺݐሻ ൌ න ݁ି௦௧	ܭሾ1 െ ݐሻ݀ݐሻሿ௞ିଵ݂ሺݐሺܨ

ஶ

଴
 

 
Assuming that f(t) follows exp(c), it can be shown that 

	 ௨݂ሺభሻ
∗ ሺݏሻ ൌ

݇ܿ
݇ܿ ൅ ݏ

																																																																																																																																																																																						… ሺ4ሻ 
 
Consider equation (3), 

	݈∗ሺݏሻ ൌ െ෍ሾሾ݂∗ሺݏሻሿ௞ െ ሾ݂∗ሺݏሻሿ௞ାଵሿ
ஶ

௞ୀ଴

൥ߠሺ1 െ ሻ෍ቈ݌
௜ିଵ݌

ߠ ൅ ߚ݅
቉

௞

௜ୀଵ

൩ 

 

݈∗ሺݏሻ ൌ െሼሾ݂∗ሺݏሻሿ௞ሾ1 െ ݂∗ሺݏሻሿሽ ൥ߠሺ1 െ ሻ෍ቈ݌
௜ିଵ݌

ߠ ൅ ߚ݅
቉

௞

௜ୀଵ

൩																																																																																																																… ሺ5ሻ 

 
Substitude eqn (4) in eqn (5), we get,  

݈∗ሺݏሻ ൌ െቊ൤
݇ܿ

݇ܿ ൅ ݏ
൨
௞

൤1 െ
݇ܿ

݇ܿ ൅ ݏ
൨ቋ ൥ߠሺ1 െ ሻ෍ቈ݌

௜ିଵ݌

ߠ ൅ ߚ݅
቉

௞

௜ୀଵ

൩ 

 

	݈∗ሺݏሻ ൌ െ ቈ
ሺ݇ܿሻ௞ݏ

ሺ݇ܿ ൅ ሻ௞ାଵݏ
቉ ൥ߠሺ1 െ ሻ෍ቈ݌

௜ିଵ݌

ߠ ൅ ߚ݅
቉

௞

௜ୀଵ

൩ 

 

ሺܶሻܧ	 ൌ െ
݈݀∗ሺݏሻ

ݏ݀
ቤ
௦ୀ଴

 

 

	ൌ ቈ
ሺ݇ܿ ൅ ሻ௞ାଵሺ݇ܿሻ୩ݏ െ ሺ݇ܿሻ୩	s	ሺk ൅ 1ሻሺ݇ܿ ൅ ሻ௞ݏ

ሺ݇ܿ ൅ ሻଶ௞ାଶݏ
቉ ൈ ൥ߠሺ1 െ ሻ෍ቈ݌

௜ିଵ݌

ߠ ൅ ߚ݅
቉

௞

௜ୀଵ

൩ 

 
Put s=0,  

	ൌ ቈ
ሺ݇ܿሻ௞ାଵሺ݇ܿሻ୩

ሺ݇ܿሻଶ௞ାଶ
቉ ൈ ൥ߠሺ1 െ ሻ෍ቈ݌

௜ିଵ݌

ߠ ൅ ߚ݅
቉

௞

௜ୀଵ

൩ 
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ሺܶሻܧ ൌ െ
݈݀∗ሺݏሻ

ݏ݀
ቤ
௦ୀ଴

ൌ 	
1
݇ܿ
൥ߠሺ1 െ ሻ෍ቈ݌

௜ିଵ݌

ߠ ൅ ߚ݅
቉

௞

௜ୀଵ

൩																																																																																																																									… ሺ6ሻ 

 
(On simplification) 

ሺܶଶሻܧ ൌ
݀ଶ݈∗ሺݏሻ

ଶݏ݀
ቤ
௦ୀ଴

 

 

݀ଶ݈∗ሺݏሻ
ଶݏ݀

ൌ ቈ
ሾሺ݇ܿ ൅ ሻ௞ାଶሺ݇ܿሻ୩ሺ݇ሻሿݏ െ ሾሺ݇ܿሻ୩ሺ݇ݏ െ ݇ܿሻሺ݇ ൅ 2ሻሺ݇ܿ ൅ ሻ௞ାଵሿݏ

ሺ݇ܿ ൅ ሻଶ௞ାସݏ
቉ 	ൈ ൥ߠሺ1 െ ሻ෍ቈ݌

௜ିଵ݌

ߠ ൅ ߚ݅
቉

௞

௜ୀଵ

൩

ଶ

 

 

ሺܶଶሻܧ ൌ
݀ଶ݈∗ሺݏሻ
ଶݏ݀

ቤ
௦ୀ଴

ൌ
2݇ ൅ 2
ሺ݇ܿሻଶ

൥ߠሺ1 െ ሻ෍ቈ݌
௜ିଵ݌

ߠ ൅ ߚ݅
቉

௞

௜ୀଵ

൩

ଶ

																																																																																																														… ሺ7ሻ 

 
(On simplification) 

Hence, 
	ܸሺܶሻ ൌ ሺܶଶሻܧ െ ሾܧሺܶሻሿଶ 																																																																																																																																																																						… ሺ8ሻ 
 
Substitute equation (6) and (7) in equation (8), we get, 

	ܸሺܶሻ ൌ
2݇ ൅ 2
ሺ݇ܿሻଶ

൥ߠሺ1 െ ሻ෍ቈ݌
௜ିଵ݌

ߠ ൅ ߚ݅
቉

௞

௜ୀଵ

൩

ଶ

െ ൦
1
݇ܿ
൥ߠሺ1 െ ሻ෍ቈ݌

௜ିଵ݌

ߠ ൅ ߚ݅
቉

௞

௜ୀଵ

൩൪

ଶ

 

 

	ܸሺܶሻ ൌ
2݇ ൅ 1
ሺ݇ܿሻଶ

൥ߠሺ1 െ ሻ෍ቈ݌
௜ିଵ݌

ߠ ൅ ߚ݅
቉

௞

௜ୀଵ

൩

ଶ

																																																																																																																																										… ሺ9ሻ 

 
(On simplification) 
 

Numerical Illustrations 
 

Table 1 
 

K 
ࣂ ൌ ૙. ૛, ࢖ ൌ ૙. ૞, ࢼ ൌ ૙. ૝, ࢉ ൌ ૚ 

E(T) V(T) 
1 0.142857 0.061224 
2 0.071429 0.025510 
3 0.047619 0.015873 
4 0.035714 0.011480 
5 0.028571 0.008980 
6 0.023810 0.007370 
7 0.020408 0.006247 
8 0.017857 0.005421 
9 0.015873 0.004787 

 
 

Fig 1 
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Table 2 
 

c 
ࣂ ൌ ૙. ૝, ࢖ ൌ ૙. ૞, ࢼ ൌ ૙. ૜, ࢑ ൌ ૚ 

E(T) V(T) 
1 0.222222 0.148148 
2 0.111111 0.037037
3 0.074074 0.016461 
4 0.055556 0.009259 
5 0.044444 0.005926 
6 0.037037 0.004115 
7 0.031746 0.003023 
8 0.027778 0.002315 
9 0.024691 0.001829  

 

Fig2 
 

Table 3 
 

θ 
࢖ ൌ ૙. ૞, ࢼ ൌ ૙. ૝, ࢑ ൌ ૚, ࢉ ൌ ૚ 

E(T) V(T) 
0.1 0.083333 0.020833 
0.2 0.142857 0.061224 
0.3 0.187500 0.105469 
0.4 0.222222 0.148148 
0.5 0.250000 0.187500 
0.6 0.272727 0.223140 
0.7 0.291667 0.255208 
0.8 0.307692 0.284024 
0.9 0.321429 0.309949 

 
 

Fig 3 
 

Table 4 
 

p 
ࣂ ൌ ૙. ૜, ࢼ ൌ ૙. ૝, ࢑ ൌ ૚, ࢉ ൌ ૚ 

E(T) V(T) 
0.1 0.675000 1.366875 
0.2 0.480000 0.691200 
0.3 0.350000 0.367500 
0.4 0.257143 0.198367 
0.5 0.187500 0.105469 
0.6 0.133333 0.053333 
0.7 0.090000 0.024300 
0.8 0.054545 0.008926 
0.9 0.025000 0.001875 

 

 
 

Fig 4 
 

Table 5 
 

β 
ࣂ ൌ ૙. ૛, ࢖ ൌ ૙. ૞, ࢑ ൌ ૚, ࢉ ൌ ૚ 
E(T) V(T) 

0.1 0.142857 0.061224 
0.2 0.041667 0.005208 
0.3 0.014706 0.000649 
0.4 0.005682 9.68E-05 
0.5 0.002315 1.61E-05 
0.6 0.000977 2.86E-06
0.7 0.000422 5.35E-07 
0.8 0.000186 1.04E-07 
0.9 8.31E-05 2.07E-08 
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Fig 5 
 
Conclusions 
As the value of ‘k’ increases, the statistical measures for 
time to seroconversion decrease. This is due to the fact that, 
as ‘k’ namely, number of contact in (0, t] increases it means 
that, the contact are more frequent. Hence, it takes less time 
to cross the threshold. It is easily seen from the table-1 and 
figure-1. 
As the value of the parameter ‘c’ is the distribution of times 
interval between successive contacts shown an increase it 
means that, the average time interval between successive 
contacts, which is given byܧሺܷሻ ൌ ଵ

஼
, Since U ~ exp(c), 

therefore time interval between successive contacts becomes 
smaller and hence the statistical measure for time to 
seroconversion decreases, as indicated in table-2 and figure-
2. 
As the value of ‘θ’ which is namely, the parameter of the 
random variable Xi denoting contribution to the antigenic 
diversity increases, then it seen that, the mean time to 
seroconversion and variance time to seroconversion both 
increases, as indicated in table-3 and figure-3. 
In the table-4, the variation in statistical measure that 
consequences to the change in parameter ‘p’ is noted as the 
parameter of the threshold parameter p increases, then the 
statistical measure for the time to seroconversion decreases, 
as shown in figure-4. 
It is observed from the table-5, and also the figure-5, as the 
value of ‘β’ which is the parameter of the exponential- 
geometric distribution of the threshold increases, the 
expected time to seroconversion as well as variance time to 
seroconversion are decreases. 
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