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Abstract 

A Roman dominating function on a graph G is a function 𝑓: 𝑉 → {0,1,2} satisfying the condition that 

every vertex u∈ 𝑉 for which 𝑓(𝑢) = 0 is adjacent to at least one vertex v ∈ 𝑉 for which𝑓(𝑣) = 2. The 

weight of a roman dominating function is the value𝑓(𝑉) = ∑ 𝑓(𝑣)v∈𝑉 . The roman domination number 

𝛾𝑅(𝐺) of G is the minimum weight of a Roman dominating function on G. A Roman dominating 

function on G is connected roman dominating function of G if either 〈𝑉1 ∪ 𝑉2〉 or 〈𝑉2〉 is connected. 

The connected roman domination number 𝛾𝑅𝐶(𝐺) of G is the minimum weight of a connected roman 

dominating function on G. A Roman dominating function on a block graph. A roman dominating 

function on a block graph B(G)=H is a function. The minimum weight of a roman dominating function 

on a block graph H is called the roman block domination number of G and is denoted by 𝛾𝑅𝐵(𝐺). In 

this paper the roman domination number of block graph H and obtain some results on 𝛾𝑅𝐵(𝐺) in terms 

of elements of G, but not in terms of H. 
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1. Introduction 

In this paper, G = (V, E) finite, simple, undirected (𝑝, 𝑞) graphs with 𝑝 = |𝑉| and𝑞 = |𝐸|. 
We denote open neighborhood of a vertex v of G by 𝑁(𝑣) and its closed neighborhood 

by𝑁[𝑣]. For a vertex set 𝑆 ⊆ 𝑉(𝐺), 𝑁(𝑆) = 𝑁(𝑣)𝑣∈𝑆
∪  and𝑁(𝑆) = 𝑁(𝑣)𝑣∈𝑆

∪ . The degree of a 

vertex x denotes the number of neighbors of x in G and ∆(𝐺) is the maximum degree of G. 

Also 𝛿(𝐺) is the minimum degree of G. A set of vertices in G is a dominating set, if𝑁[𝑆] =
𝑉(𝐺). The domination number 𝛾(𝐺) of G is the minimum cardinality of a dominating set. If 

S is a subset of V(G), then we denote by <S> the subgraph induced by S. A subset S of 

vertices is independent, if <S> has no edge. Let S be a set of vertices and u ∈ 𝑆. We say that 

a vertex v is a private neighbor of u with respect to S if 𝑁[𝑣] ∩ 𝑆 = {𝑢}. The private 

neighbor set of u with respect to S is the set 𝑝𝑛[𝑢, 𝑆] = {𝑣; 𝑁[𝑣] ∩ 𝑆 = {𝑢}}. 

 

2. Main Results 

2.1 Theorem 

For any non-trivial tree T, 𝛾𝑅𝐶(𝑇) = 2𝛾(𝑇) if and only if every non end vertex of T is 

adjacent to at least one end vertex. 

 

Proof 

Let 𝐻1 = {𝑣𝑖; 1 ≤ 𝑖 ≤ 𝑝} and 𝐻2 = {𝑣𝑗 ; 1 ≤ 𝑗 ≤ 𝑝} be the set of non-end vertices adjacent to 

at least one end vertex and the set of non-end vertices which are not adjacent to end vertex 

respectively. Let 𝑓 = (𝑣0, 𝑣1, 𝑣2} be a 𝛾𝑅𝐶function of G. Suppose 𝐻2 ≠ ∅. Let D and 𝐷𝑐  be a 

𝛾-set and 𝛾𝐶 set of G respectively. Then we have the following cases. 

Case 1: Suppose𝐻2 = 1 or 2. Then we have two subcases. 

Subcases1.1: Assume𝐻2 = 1. Let {u} ∈  𝐻2 such that {u} ∈  𝑁(𝐻2). Then {u} ∈  𝑉1 but 

{u} € 𝐷 which gives that𝛾𝑅𝐶(𝑇) > 2𝛾(𝑇), a Contradiction. 

Subcase 1.2: Assume 𝐻2 = 2 and {𝑣1, 𝑣2} ∈  𝐻2 such that {𝑣1, 𝑣2} ∈  (𝐻1). Then {𝑣1, 𝑣2} ∈
𝑉1. 
But {𝑣1, 𝑣2}€ 𝐷, which gives𝛾𝑅𝐶(𝑇) > 2𝛾(𝑇), a contradiction. 

 

International  Journal  of  Applied Research 2017; 3(12): 15-16 

 



 

~ 16 ~ 

International Journal of Applied Research 
 

Case 2: Suppose 𝐻1 = 𝑘 and {𝑣𝑘; 3 ≤ 𝑘 ≤ 𝑛}∈  𝐻2. Then 

∀{𝑣1; 1 ≤ 𝑙 ≤ 𝑛} ⊆  {𝑣𝑘}, {𝑣𝑙} ∈  𝑉1. But {𝑣3𝑙} ∈ 𝐷 and 

{𝑣1 − {𝑣3𝑙}}€ 𝐷 which gives, 𝛾𝑅𝐶(𝑇) > 𝛾(𝑇) again a 

contradiction. 

For the converse to the above all cases, let 𝐻2 = ∅. Then 
|𝑣𝑖| = |𝑉2| = |𝐷| =  |𝐷2|. Hence𝛾𝑅𝐶(𝑇) = 2|𝑉2||𝑉1| =
2|𝐷𝑐| + ∅ = 2|𝐷| = 2𝛾(𝑇). 

 

2.2 Theorem 

For any nontrivial connected graph G, 𝛾(𝐺) +  𝛾𝑅𝐶(𝐺) ≤ 𝑝  

 

Proof  

Let G be any nontrivial graph 𝑓 = {𝑣0, 𝑣1, 𝑣2} be a 𝛾𝑅 

function in B(G). Then {𝑏1, 𝑏2, … . 𝑏𝑛} be the number of 

vertices of B(G) corresponding to the blocks {𝐵1, 𝐵2, … . 𝐵𝑛} 

in G. we prove the result by induction on the number of 

blocks n of G. 

Assume G is a graph with n=1 then p≥2, 𝛾(𝐺) ≥ 1 and 

𝛾𝑅𝐵(𝐺) = 1. 
We consider the following cases. 

Case 1: Suppose 𝛾(𝐺) = 1 with n=1, then p≥ 2 and 

𝛾 (𝐺) + 𝛾𝑅𝐵(𝐺) = 1 + 1 = 2 ≤ 𝑝. 
Case 2: Suppose 𝛾(𝐺) = 2 with n=1, then p≥ 3 and 

𝛾 (𝐺) + 𝛾𝑅𝐵(𝐺) = 2 + 1 = 2 ≤ 𝑝. 
By above two cases and 𝛾 (𝐺) + 𝛾𝑅𝐵(𝐺) ≤ 𝑝 

Assume the result is true for all graphs with n=k blocks, 

then 𝛾 (𝐺) + 𝛾𝑅𝐵(𝐺) ≤ 𝑝 

Let 𝐷𝑅𝐵={𝑏1, 𝑏2, … . 𝑏𝑗} with j<n be the minimal roman 

dominating set of B(G) such that |𝐷𝑅𝐵| = 𝛾𝑅𝐵(𝐺). Suppose 

G has (k+1) blocks with p>p vertices. Then one vertex will 

be increased in B(G) such that 𝛾(𝐺) ≤ 𝛾(𝐺) and 𝛾𝑅𝐵(𝐺) ≤
𝛾𝑅𝐵(𝐺). Clearly that 𝛾(𝐺) + 𝛾𝑅𝐵(𝐺) ≤ 𝑝 by induction the 

result is true for n=k+1. Hence 𝛾(𝐺) + 𝛾𝑅𝐵(𝐺) ≤ 𝑝 

 

3. Conclusion 

In this paper we showed the connected roman domination 

functions and roman block domination functions. Some 

theorem on both function are explained with their proofs. In 

this work finite, simple, undirected graph is considered for 

theorem proof.  
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