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Generation formula for solutions to special ternary
guadratic diophantine equations representing cones

S Vidhyalakshmi, MA Gopalan and S Aarthy Thangam

Abstract
Knowing a solution of the considered ternary quadratic diophantine equation, a general formula for
generating sequence of solutions based on the given solution is illustrated.
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Introduction

The subject of diophantine equations in number theory has attracted many mathematicians
since antiquity. It is well-known that a diophantine equation is a polynomial equation in two
or more unknowns with integer coefficients for which integer solutions are required. An
integer solution is a solution such that all the unknowns in the equation take integer values.
An extension of ordinary integers into complex numbers is the gaussian integers. A gaussian
integer is a complex number whose real and imaginary parts are both integers. It is quite
obvious that diophantine equations are rich in variety and there are methods available to
obtain solutions either in real integers or in gaussian integers.

A natural question that arises now is, whether a general formula for generating sequence of
solutions based on the given solution can be obtained? In this context, one may refer 71, The
main thrust of this communication is to show that the answer to the above question is in the
affirmative in the case of the following ternary quadratic diophantine equations, each
representing a cone.

Conel
The ternary quadratic diophantine equation under consideration is

X 2 + y : = 5 z 2 (1)
Let (x, .Y, .z, )beany solution of (1).

The solution may be in real integers or in gausssian integers or in irrational numbers.

Let (x,,v,.z,)be the second solution of (1), where

X, =2h-3x,,y, =2h-3y,,2, =3z, +h

2
in which h is an unknown to be determined.
Substitution of (2) in (1) gives
h=4x,+4y,+10 z, 3)

Using (3) in (2), the second solution (x, , y, , z,) of (1) is expressed in the matrix form as

t

t
(Xl’yl’zl) :M(Xo’yo’zo)
Where t is the transpose and
5 8 20
8 5 20|
4 4 13J

M = |
|
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The repetition of the above process leads to the general solution (x, ., .y, ,.z,,,) of (1) written in the matrix form as

(Yn N (_ 3)n+1 Yn 3 (_ 3)n+1 . )

"

Where (X Y, )isthe general solution of the Pellian equation Y * =10 X * + 9
That is,

X=X Y+ Y X
Yﬂ

=YY, , +10 X X

0'n n-1 7

Cone: 2
The ternary quadratic diophantine equation under consideration is

2

x4+ y =6z 2 @
Let (x,,Y, .z, )beany solution of (1).

The solution may be in real integers or in gausssian integers or in irrational numbers.

Let (% y,.2,) be the second solution of (1), where

X, =2h-x,,y,=2h-y, ,z,=2,+h @)

In which h is an unknown to be determined.
Substitution of (2) in (1) gives

h=2x,+2y,+6z, @)
Using (3) in (2), the second solution (x, , y, , z,) of (1) is expressed in the matrix form as
t t
(Xl’yl’zl) =M (Xo’yo’zo)
Where t is the transpose and

3 4 121
M=]4 3 12|
2

2 2 7]

The repetition of the above process leads to the general solution (x, .y, . z,.,) of (1) written in the matrix form as

Where (X ,,Y, ) is the general solution of the Pellian equation Y * =12 X * +1
That is,
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Y = %((7 s2v12) 7 h (7 - 2 )1j

x -t ((7+2 )" (72 12)”“)
212

Cone: 3
The ternary quadratic diophantine equation under consideration is

2 2

X+ y =10z @
Let (x, .Y, .z, )beany solution of (1).
The solution may be in real integers or in gausssian integers or in irrational numbers.

Let (x,,v,.z,)be the second solution of (1), where

X,=X,+2h,y =y +2h,z =h-z

1 0 (2)
in which h is an unknown to be determined.
Substitution of (2) in (1) gives
h=2x,+2y,+10 z, @)

Using (3) in (2), the second solution (x, , y, , z,) of (1) is expressed in the matrix form as
(Xl’ yl’zl)l =M (Xo ) yo’zo)l

Where t is the transpose and

5 4 20
M =(4 5 201|
Lz 2 9}

Y -1 \
- 10 X

n

| |
| |
| |
| |
| |
| |
L X X Y }l

Where (X Y, )isthe general solution of the Pellian equation Y * = 20 X * +1

That is,

Ynzi(mz 20 )"+ (9 - 2+/20 )j

X, = — ((9+2 20)" —(o-2 20)““)
2+/20

Cone: 4

The ternary quadratic diophantine equation under consideration is
2
X +y =212 @
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Let (x, .Y, .z,)be any solution of (1).
The solution may be in real integers or in gausssian integers or in irrational numbers.
Let (x,,v,,z,)be the second solution of (1), where

X, =X, +4h,y, =y, +2h,z =h-1z,

' 2
in which h is an unknown to be determined.
Substitution of (2) in (1) gives
h=4x,+2y,+227z, 3)
Using (3) in (2), the second solution (x, , y, , z,) of (1) is expressed in the matrix form as
t t
(Xl’yl’zl) =M (Xo’yo’zo)
Where t is the transpose and
(17 8 88 W
M =|8 5 44
4 2 =
The repetition of the above process leads to the general solution (x, ., .y, ,.z,,,) of (1) written in the matrix form as
4Y +1 2y -1
( . (v, -1) 44 X W
| s 5 |
Xn+l ‘ | XO
I(y w|=2(Y -1) Y +4 | (yw| n=0,1,2,..
n+1 ‘ n n 22 X i | 0
LZMJ \ 5 5 | LZOJ
| |
| |
L 2X X, Y, )
Where (X Y, )is the general solution of the Pellian equation Y * = 110 X * + 1
That is,
1 n+1 n+l
Yn:—((21+2 110 ) + (21 - 2110 ) )
2
1 n+1 n+1
X = ((21+2 10 ) - (21 - 2+/110 ) ]
2+/110
Cone: 5
The ternary quadratic diophantine equation under consideration is
5x° + y2 =z’ )
Let (x, .Y, .z, )beany solution of (1).
The solution may be in real integers or in gausssian integers or in irrational numbers.
Choice: 1
Let (x,,y,,z,)be the second solution of (1), where
X,=h-x,,y,=h-y,,z =12,+2h @)
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in which h is an unknown to be determined.
Substitution of (2) in (1) gives

h=5x,+y,+2z, 3)

Using (3) in (2), the second solution (x0¥1020) o (1) is expressed in the matrix form as

(Xl’yl’zl)t =M (Xo’yo’zo)

t

Where t is the transpose and

Where (X Y, )is the general solution of the Pellian equation Y * = 6 X * + 1
That is,

Y = %((5 v26) " 4 (5 zx/g)"”j

X, = ﬁ((s v26) - (5- 2x/g)mj

Choice: 2
Let (x,,y,.z,)be the second solution of (1), where

X, =3x,+h,y =3y, +h,z =3h-3z

(4)
in which h is an unknown to be determined.
Substitution of (4) in (1) gives
h=10x,+2y,+62z, ©)

Using (5) in (4), the second solution (x, , y, , z,) of (1) is expressed in the matrix form as

(Xl’yl’zl)t =M (Xo’yo’zo)t

Where t is the transpose and
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The repetition of the above process leads to the general solution (x, ., .y, ,.z,,,) of (1) written in the matrix form as

Where (X Y, )isthe general solution of the Pellian equation Y * = 6 X * + 9
That is,
X = XY, +Y, X,

n 0 -1

Y, =YY, +6X,X

n 0'n

n=0,1,2,3,.. ,X_,=0,Y_ =1

n-1 "' -1

Cone: 6
The ternary quadratic diophantine equation under consideration is

2 2 2
6Xx +y =1z

1)
Let (x, .Y, ,z,)be any solution of (1).
The solution may be in real integers or in gausssian integers or in irrational numbers.
Let (x,,v,,z,)be the second solution of (1), where
X,=X,+h,y =y, +h,z =3h-12 @)
in which h is an unknown to be determined.
Substitution of (2) in (1) gives
h=6x,+vYy,+3z, @A)

Using (3) in (2), the second solution(x, , y, , z,) of (1) is expressed in the matrix form as

t t
(Xl’yl’zl) :M(Xo’yo’zo)
Where t is the transpose and

(713

7
M=|6 2 3|

18 3 s

The repetition of the above process leads to the general solution (x, ., .y, ., .z,,,) of (1) written in the matrix form as
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Where (X Y, )is the general solution of the Pellian equation Y * = 7X * + 1
That is,

Y = %[(8 NENCS 3\/7)“7

X = #[(g v37) 7 e 3x/7)mj

Cone: 7
The ternary quadratic diophantine equation under consideration is

7x +y’=2"

4 @)
Let (x,,Y,,z,)beany solution of (1).
The solution may be in real integers or in gausssian integers or in irrational numbers.

Let (x,,y,,z,)be the second solution of (1), where

X,=X,+h,y =y, +h,z =3h-12

b (2)
In which h is an unknown to be determined
Substitution of (2) in (1) gives
h=14x,+2y,+6z, 3)

Using (3) in (2), the second solution (x, , y, , z,) of (1) is expressed in the matrix form as

()(1’3/1’21)t =M (Xo’yo’zo)t

Where t is the transpose and

15 2 6
M =|(14 3 6W|
L42 6 17J

The repetition of the above process leads to the general solution (x ., ,vy, ., .z, ) of (1) written in the matrix form as

(7Yn+1 v -1 )
Xn

| 8 8

|

=I 7(Y,-1) Y, +7
| n
|
|

e
)

L Zn-¢-l

8 8

|
|
|
|
|
|
|
L 7X X '

n n n

where (X Y, ) isthe general solution of the Pellian equation Y fo8Xx’+1
That is,

Y = 2((17 vo8) 47 - 6x/§)mj

X, = j((ﬂ vo8) -7 - 6\/§)M]

Cone: 8
The ternary quadratic diophantine equation under consideration is
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2

3x°+ 4y’ =z

y €
Let (x,.Y, .z, )beany solution of (1).
The solution may be in real integers or in gausssian integers or in irrational numbers.

Let (x,,y,.z,)be the second solution of (1), where

X, =X,+h,y =y, +h,z =3h-12,

' )
in which h is an unknown to be determined.
Substitution of (2) in (1) gives
h=3x,+4y,+3z, 3)
Using (3) in (2), the second solution (x, , y, , z,) of (1) is expressed in the matrix form as
t t
(Xl’yl’zl) =M (Xo’yo’zo)
Where t is the transpose and
(4 4 3W
M =[3 5 3]
Lg 12 8J
The repetition of the above process leads to the general solution (x,,, .y, ., .z,,,) of (1) written in the matrix form as
(3Yn+4 4y, -1) )
|7 7 "
Xn+1 | | XO
(%) | ()
| Yo I=)3(v, -1) 4y, +3 | Yol on =012,
X n
LZMJ |7 7 | LZOJ
| |
L 3X, 4X, Y. )|
Where (X Y, ) isthe general solution of the Pellian equation Y * = 7 X * +1
That is,
1 n+1 n+1
Y, = —[(8+3\/7) +(8-37) j
2
1 n+l n+l
X :—[(8+3\/7) ~(8-3+7) j
27
Cone: 9
The ternary quadratic diophantine equation under consideration is
x2+y2:(k2+2k+4)zz,k>0 @

Let (x, .Y, .z, )beany solution of (1).
The solution may be in real integers or in gausssian integers or in irrational numbers.

Choice: 1
Let (x,,y,.z,)be the second solution of (1), where
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x, =X, +(k+1)h,y =y +h,z =h-z @

in which h is an unknown to be determined.
Substitution of (2) in (1) gives

h:(kJrl)xOJry0+(k2+2k+4)z0 3)
Using (3) in (2), the second solution (x, , y, , z,) of (1) is expressed in the matrix form as

(Xl’yl’zl)t =M (Xo’yo’zo)t

Where t is the transpose and

(k2+2k+2 k +1 k3+3k2+6k+47
M =] k+1 2 k®+2k+4 |
| 2 |
\ k +1 1 k®+ 2k +3 )

The repetition of the above process leads to the general solution (x, ., .y, ,.z,,,) of (1) written in the matrix form as
((k+1)zvn+1 (k +1)(Y, —1) )

k™ +2k +2 k? + 2k + 2 |

|
|
|
|
|

(k®+3k* + 6k + 4)X

n

k+1)(Y —-1) vy k +1)°
—( v, -1) —"+( +1) (k2+2k+4)xn
k™ +2k +2 k?+ 2k + 2

|
|
i
|
L (k +1)X X, Y, J

Where (X Y. ) is the general solution of the Pellian equation Y * = (k* + 4k° +10k® + 12k + 8)X > +1
That is,

((kz+2k+3+\/k4+4k3+10k2+12k+8)n+1 W

1
Y, =— )
2L+(k2+2k+3—\/k“+4k3+10k2+12k+8) lJ
y 1 ((kz+2k+3+\/k4+4k3+10k2+12k+8)n+1 W
n 2\/k4+"'k3+1°"2+12'<+8L—(k2+2|<+3—\/k“+4k3+10|<2+12k+8)n+1
Choice: 2

Let (x,,v,,z,)be the second solution of (1), where

X, =X, +h,y =y, +(k+1h,z =h-z 4

in which h is an unknown to be determined.
Substitution of (4) in (1) gives

h=x,+(k+1)y, +(k+ 2k + 4)z, 5)

Using (5) in (4), the second solution (x, , y, , z,) of (1) is expressed in the matrix form as

(Xl’yl’zl)l =M (Xo’yo’zo)l
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Where t is the transpose and

(2 k +1 k® + 2k + 4 W
M=|k+1 k>+2k+2 k>+3k’>+6k+4]|
Ll k +1 k?+ 2k +3 J

The repetition of the above process leads to the general solution (x,,, .y, ., z,,,) of (1) written in the matrix form as

You(k+1)  (k+1)(Y, -1) (c* + 2k + )X
k% + 2k + 2 k>4 2k + 2
Xn+1 (XOW
[ Yo =] (k+1)(Y, 1) (k+1)Y, +1 |y,| ,n=0,,2

(k®+3k® + 6k + 4)X
z

n+1

k?+ 2k + 2 k> + 2Kk + 2

(
}
\
\
\
\
L X (k +1)X, Y

Where (X _,Y_ ) is the general solution of the Pellian equation Y * = (k* + 4k® + 10 k® + 12k + 8)X * +1

Cone: 10
The ternary quadratic diophantine equation under consideration is

+(k+1)y2:(k+3)22,k>0 (1)

Let (x,,Y, .z, )beany solution of (1).
The solution may be in real integers or in gausssian integers or in irrational numbers.
Let (x,,y,,z,)be the second solution of (1), where

X, =X,+h,y =y +h,z =h-1z

’ )

in which h is an unknown to be determined.
Substitution of (2) in (1) gives

h=2x,+(2k +2)y, + (2k + 6)z, 3)

Using (3) in (2), the second solution (x, , y, , z,) of (1) is expressed in the matrix form as

t t
(Xl’yl’zl) :M(Xo’yo’zo)
Where t is the transpose and

(3 2k + 2 2k+67
=2 2k+3 2k+6]|
LZ 2k + 2 2k+5J

The repetition of the above process leads to the general solution (x, ., .y, ,.z,,,) of (1) written in the matrix form as
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120

| Y,

(2,

Y,+k+1  (k+1)(Y, -1
(Yoot (ken)tr-n) (]
I k+2 k +2 |
| (%
+l|=| v, -1 (k+1)Y +1 | I(VOWI n=0.1,2,..
| L " (k +3)x, |
+1J | k+2 k+2 | LZOJ
| |
L X, (k +1)X, Y, )'

Where (X _ Y, ) is the general solution of the Pellian equation Y * = (k® + 5k + 6)X * +1

That is,
1 " n+1 5 n+1
Y, =— (2k+5+2\/k +5k+6) +(2k+5—2\/k +5k+6)
2
X

n

1 \/27n+1 \/27n+1
:—(2k+5+2 k +5k+6) —(2k+5—2 k +5k+6)
2vk? +5k + 6

In conclusion, one may attempt to obtain generation formula for other choices of quadratic diophantine equations with multiple
variables
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