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On the structure equation F® + F*+ F> =0
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Abstract
In this paper we have studied various properties of the F — Structure F® + F*+ F2 = 0. Nijenhuis tensor,
metric F-Structure, Kernel have also been discussed.
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Introduction
Let M" be a C* differentiable manifold and F be a (1, 1) tensor of class C* defined on M" by
Q)P +F+F=0

We define the operators | and m on M" by
12)1=F5 m=1-F

from (1.1) and (1.2) , we have
@3)l+m=1LPF=1,m*=m,Im=ml =0,
Fl=IF =F, FFm=mF?=0

Let
14 M={m-FSm-F,..m-Fm+Fm+F,..m+F%
(15 L={l-F1-F. I-Fl+FI+F, . . .1+F}

We study some properties of some elements of M and L

Theorem (1.1) we define (1, 1) tensors by 2
16)p=m+F,q=m-F

QN a=1+F, g=1-F

18) y=1+F, 5=1-F,

Then we have

19 pg=m-1,p*=q?=1,p?-p-q+l =2l
(1.10) " = 2" @, " = 2¥1p

(111) 3y2 + =0

Proof: We prove only (1.11)
Using (1.1), (1.2), (1.3) and (1.8)
(1.12) #=(1I+ F?) (I+ P)

=P+ PP+ F+ F

= I+ P+ PP +F

=F°+ F'+F*+F?, thus

(1.13) p=F

And
1.14) 82 =(1- P (I- F)
=P-IF?- FIl+ F
=1- F- F2+F*
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= F°+ F*+F?-3F°
(1.15) 8% = -3F,
From (1.13) and (1.15) we get (1.11).

2. Nijenhuis tensor

The Nijenhuis Tensor corresponding to F, | and m be
denoted by Ng, Nyand N, respectively and defined by

(2.1) Ne (X, Y) = [FX, FY] + F2[X, Y] = F [FX, Y] - F [X,
FY]

2N (X, Y)=[IX, IY]+ P [X, Y] =1 [IX, Y]=1[X,1Y]
(2.3) N (X, Y)=[mX, mY] +m?[X,Y] — m[mX, Y] - m[X,
mY]

Theorem (2.1) For the F - structure F satisfying (1.1), we
have

(2.4) NE2 (mX, mY)= F* [mX, mY]

(2.5) F2NgZ (mX, mY) = | [mX, mY]

(2.6) N (mX, mY) = I[mX, mY]

2.7) Nm (IX, 1Y) = m[IX, Y]

(2.8) NI (IX,mY)= Npn[mX,1Y]=0

Proof: Using (1.2), and (1.3) in (2.1), (2.2) and (2.3) we get
the result.

3. Metric F — Structure

Let the Riemannian metric g is such that

(3.1) 'F (X, Y) =g (FX, Y) is symmetric, then
(3.2)g (FX,Y)=-g (X, FY)and

(3.3) m(X,Y)=g(mX,Y)=g(X, mY)

Theorem (3.1) For the F-Structure satisfying (1.1) we save
(34) g (F°X, FY) =g (X, Y)-"'m(X,Y)

Proof: Using (1.2), (1.3), (3.2) and (3.3) we get the results.
Definition 3.1: Let us define
(3.5) Ker F = {X: FX=0}

Theorem (3.2) for the F-structure satisfying (1.1) we have
(3.6) Ker F2 = Ker F* = Ker F®

Proof Using (1.1) we have Fé=F? F°=F* F12=F8
LetX e Ker F2 = F*X=0

= FX=0

= F'X=0

= Xe Ker F*

Thus

(37) KerF? < KerF*
Let X € Ker F* = F*X
= F®X =0

= F?’X =0

= X e KerF?

=0

Thus

(3.8) Ker F* < Ker F?

From (3.7) and (3.8), we get

(3.9) Ker F? = Ker F#,

Proceeding similarly we get Ker F* = Ker F® and hence
(3.6).
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