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Abstract

Numbers of the form for all n > 1 are called heptagonal numbers. Let G be a graph with p
vertices and q edges. Let f: V (G) » {0, 1, 2,...,Nq} where N, is the qt" heptagonal number be an
injective function. Define the function f*: (E(G)) — {Ny, N, N3,...,Ng} such that f*(uv) =
|f(w) — f(v)| for all edges uv € E(G). If f*(E(G)) is a sequence of distinct consecutive numbers
{N1, N3, N3,..., Ny} then the function f is said to be heptagonal graceful labeling and the graph which
admits such a labeling is called a heptagonal graceful graph.
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1. Introduction
Numbers of the form @for all n > 1 are called triangular numbers. J. Devaraj & T. A.

Thankam studied some classes of triangular graceful graphs M. Numbers of the form
@for all n = 1 are called pentagonal numbers and S. Mahendran & K. Murugan

introduced pentagonal graceful labeling of some graphs ™ and it is defined as follows:

Let G be a graph with p vertices and ¢ edges. Let f: V (G) - {0,1,2,...,F,} where P, is the
g™ pentagonal number be an injective function. Define the functionf*: E(G) -
{1,5,..., B} such that f*(uv) = [f(uw) — f(v)| forall edges uv € E(G).If f*(E(G)) is
a sequence of distinct consecutive pentagonal numbers {P;, P,,. ..,Pq}, then the function f is
said to be pentagonal graceful labeling ™ and the graph which admits such a labeling is
called a pentagonal graceful graph. Inspired from the above works in this chapter we study
the heptagonal graceful labeling of path related graphs.

2. Preliminaries

Definition 2.1: Let v,,v,,vs, ..., v, be the m vertices of B,. From each vertex v;,i =
1,2,..,m, there are n;,i = 1,2,..,m pendant vertices say vy, Vi, ..., Vin;- The resultant
graph is a caterpillar and is denoted as B(nq, ny, ..., Ny) [6].

The caterpillar can also be defined in the following way:

G is called a caterpillar if G is a tree such that the removal of the vertices with degree 1
results in a path, and that path is called the spine of the caterpillar [,

Definition 2.2: P,(1,2,...,n) ¥ is a graph obtained from a path of vertices
vy, vy, V3, ..., Uy having the path length n by joiningi pendant vertices at each of its it"
vertex.

Definition 2.3: The Corona G; ® G, ! of two graphs G, and G, is defined as the graph G

obtained by taking one copy of G, (which has p vertices) and p copies of G, and then joining
the i*" vertex of G, to every vertex in the i** copy of G,.
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3. Results and Discussions
Theorem 3.1: The caterpillar B(n,, 0,7,) [ is heptagonal graceful for all n;,n, > 1.

Proof.

Let vy, v,, v; be three vertices of path P;. From vy, there are n; pendant vertices say u,, uy, ..., u,, and from v; , there are n,
pendant vertices say wy, w;, ..., Wy, The resulting graph is defined as B(n,,0,n,). Let it be G = (V,E). Then G has n; +
n, + 3 vertices and n; + n, + 2 = m edges.

Let n, +n, + 2 = q (say).

Define f : V (B(ny,0,n3)) — {0,1,2,...,N,} be defined as follows:

f(v1) = N,
f(w2) =0
f(vs) = Nq—nl—l

fw)= Nyg—Ng;,1 <i <my

f(wj) = Nyen,-1 +N;,1 < j <y

We shall prove that G admits heptagonal graceful labeling. From the definition, it is clear that rr‘lf%)f(v) is N, and f(v) €
ve

{0,1,2,...,N,}.

Also from the definition, all the vertices of G have different labeling.

Hence f is one to one.

It remains to show that the edge values are of the form {N;, N, ..., Ng}.

The induced edge function f*: E(G) — {1,2, ..., N4} is defined as follows:

fr(yvy) = Ny

fr(wpvs) = Nq—nl—l

ffriu) =Ny 1<i<n

f*(v3wj) =N,1<j<n,

Clearly £~ is one to one and f*(E(G) ={Nj, N,,..., Ng }. Therefore G admits heptagonal graceful labeling.

Hence the graph B(n,, 0,n,) is heptagonal graceful.

Example: 3.2: The heptagonal graceful labeling of B(5,0,4)

51 56
o ®
97 o) 62
° r d ®
1
T 'Sy y
138 V] 286 vy 55 I8 73
uy ® % 286 *0 55® _ ®.us
ad
5
174 \\" 39
o 4 .
{ ) "'y
205
o
L

Fig 1: Heptagonal graceful labeling of B(5,0,4)
Lemma: 3.3: The caterpillar B(n,, 1,n,) © is heptagonal graceful for all ny,n, > 1.

Example: 3.4: The heptagonal graceful labeling of B(5,1,4) is given below.

51 56
) . L "'y
97 2 . 62
"y . s ®
Iy ;
|38 o .n‘, N S8 I8 3
L L ®
ty 148 286 *0 55 . ;
v
174 D " 89
° 4 ) °
ty * 'y
205 "
° °
- 342

Fig 2: Heptagonal graceful labeling of B(5,1,4)
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Theorem 3.1: Caterpillars B(n,, n,, ns, ..., n,,) 1 are heptagonal graceful.

Proof. Let G be the caterpillar graph B(n,,n,,ns, ..., ny,)
Let vy, vy, v, ..., Uy, be the m vertices of the path P, .

From each vertexv;,i = 1,2,...,mthere are n;,i = 1,2,..., mpendant vertices say v;;, v, Vi3, ---

The resultant graph is a caterpillar and is denoted as B(n, n,, ns, ..., Ny,)
Assume = 3.

Clearly B(ny,ny, ng, ..., ny) hasny + n, + ng + -+ n,, + (m — 1) edges
Letq =n;+n,+nz+-+n, +(m—-1)

Define f : V (B(ny,np,n3, ..., ny)) = {0,1,2,...,N,} be defined as follows:
f(w) =0

f(i) = Ng—-pyforl < i <my

f(UZ) = f(vl) + Nq—n1

f(y) = f(v2) — Ngen,—iwherei = 1,2,...,n,

f(]J3) = f(UZ) - Nq—nl—nz—l

f(USi) = f(US) + Nq—nl—nz—i—lii =12,..,n3

fw) = f(vs) + Nq—nl—nz—n3—2

f(v4-i) = f(l?4) - Nq—nl—nz—n3—2—i:i = 1,2,...,7’l4

and so on In general,

¢ | f Wm-1) = Ngony—ny—cnpyg—(m—2) » fOr m > 1 and if mis odd
(vm) = {f (Wim-1) + Ngn,—ny—-np_,—m-2) » fOr m > 1L and if m is even

Also we have,
fon) = f W) = Ngeny—ny—mnpy_y~(m-2)-i> for m > land if miseven,1 < i < n,
i f ) + Nyony—ny—mnpy_y—(m-2)-i, form > landifmisodd, 1 < i < ny,

Fori = nm'f(vmnm) = f(vm) £ Nq—nl—...—nm_l—(m—z)—nm
i.e)f (vmnm) = f(vn) % Nq—nl—...—nm_l—nm—m+2
=f(vm) £ N,

Clearly the vertex labels are distinct and the resulting edge labels are of the form
{N{, N, ..., N, }.
Hence the caterpillar graph B(nq,n,, ns, ..., n,,) is heptagonal graceful.

Example 3.2: Heptagonal graceful labeling of Caterpillar graph B (3, 2, 3, 5) M is given below

https://www.allresearchjournal.com
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Fig 3: Heptagonal graceful labeling of Caterpillar graph B (3, 2, 3, 5)

Corollary 3.3: Whenn; = m, 1 < i < m, the graph B, ® K,,, ™ is heptagonal graceful foralln > 2andm > 1.

Example 3.4: Heptagonal graceful labeling of P; ® K3 ™ is shown below

~2g~
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Fig 4: Heptagonal graceful labeling of P; ® K5

U1 V22 Vo3
'M 148 ’m
w ll\
" Ua 235 U3
256 0 235\
1/ |7 \us 34/ [s5\81
U1 ¢ Vi2 _{'1:;".,,“, Us1 ¢ Uszg 1 5'5
285 279 S 201 180 154
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Corollary 3.5: When m = 1, the graph B, ® K; [“is called a comb. Comb is heptagonal graceful.

Example 3.6: Heptagonal graceful labeling of P; ® K; ¥lis shown below

l'l‘ 189 o ve 148 .1'3 112 "4. 81 l:)

0 189 41 153 72

1 7 13 34 53

u u u: u us

'e) % 359 ‘o119 0129

Fig 5: Heptagonal graceful labeling of P; © K;
Corollary 3.7: P,(1, 2,...,n) [4] is heptagonal graceful.
Example 3.8: Heptagonal graceful labeling of P,(1,2,...,n) ¥ is shown below
Voy Voo Uil Ug2 Vg3 Uaq
= %261 = P87 402¢ ®396 P335 P369
\ J \ J /
81 /55 1y |7 /18/34
\ ,", /’/
\ / [/

t 148\ 342 v 403 v/

M 2 \/ o 342 N '3 X v 4
194 7 312 ® ol 103 ®

112
286 /235  \189
Ull ¢ Uilg U3 Us3
82 'Zgli 25.'» 12«)
Fig 6: Heptagonal graceful labeling of P,(1,2,...,n)
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Conclusion
Here we investigate four results corresponding to heptagonal graceful labeling. Analogous work can be carried out for other
families and in the context of different types of graph labeling techniques.
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