ISSN Print: 2394-7500

ISSN Online: 2394-5869
Impact Factor (RJIF): 8.4
IJAR 2024; 10(9): 01-07

www.allresearchjournal.com

Received: 06-07-2024
Accepted: 07-08-2024

Lusjen Ismaili
Ministry of Infrastructure and
Energy, Tirané, Albania

Corresponding Author:

Lusjen Ismaili

Ministry of Infrastructure and
Energy, Tirané, Albania

International Journal of Applied Research 2024; 10(9): 01-07

International of Applied Research

Mathematical formulation of the steady state -flow
equation for isotropic porous media, based on
combining three independent equations, continuity
equation, motion equation and state equation
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Abstract

Oil and Gas accumulations located in the porous spaces of the formation exist as a single hydraulically
connected system. During the life of an oil field the production tends to pass through a number of
stages, based on this it is very important to know as much about types of flow systems in reservoir rock
in order to use the appropriate model to describe the relationship between the pressure and flow rate.
Types of reservoir fluids with their representative equations and the combination of the three equations;
the equation of continuity, the equation of motion and the equation of state treated not only in the
physical concept but also in the mathematical one step by step deriving the basic equations applicable
to each of the types of fluids in the steady state and in isotropic porous media, are the object of this

paper.
Keywords: Compressibility, steady-state flow, reservoir, isotropic, equation

1. Introduction

Fluid flow in the porous medium represents one of the basic disciplines of the reservoir
engineering. The majore influences on fluid flow, number of phases present, flow regimes,
compresibility of the fluid and geometry of flow systems plays a key role for the
determination of different hydrodinamic parameters.

All particle movements and the physico-chemical processes that characterize them have long
received considerable attention in many fields such as colloidal, chemical, biomedical and
environmental engineering ™. The flow in porous media occurs in many natural and
industrial processes, starting from the processes of underground filtration including here (The
flow of fluids in the layer whether single-phase, two-phase or three-phase) as well as the
flow of fluids or the process of penetration of different fluids, for example through the soil,
or in different asphalt or textile layers (Filters), etc. [61. The space where the fluid moves in
the oil bearing rock is made up of a very large number of gaps and very fine channels, which
form a tangled network spread in a different way and with cross-sections that change
according to the geometric shape. Therefore, starting from the practical meaning of the word,
by agreement, we will call the movement of fluids in porous media and fractures filtration [%
14,351 The filtration process in porous media is affected by various forces, and its essence is
to consume energy and produce fluid through the wellbore [ 5 8. Mathematical models of
filtration are generally based on Darcy's law Bl In the laminar flow region where the fluid
velocity is low compared to the turbulent flow where the fluid viscosity is high and the
pressure gradient is high which increases at a greater rate than the flow rate, we will say that
Darcy's law applies only in the laminar flow region I, During the application of Darcy's law,
that part of the rock or the structure of the porous space, whose dimensions are quite large
compared to the size of the pore channels, is taken into consideration. In other words, it is a
statistical law that averages the behavior of many pore channels Bl PVT laboratory studies
for the determination of fluid properties, pressure gradients during the filtration process,
physical properties of the rock (Matrix) included here; permeability, porosity and saturation,
as well as the geometry and type of flow condition, make possible the full characterization of
the mechanism of fluid flow through a porous medium [1,
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Mechanical and physical properties of fluids, the main characteristics of the tank such as; the type of fluid, the geometry of the
tank and the number of flowing fluids in the reservoir, as well as the determination of the initial conditions help in the
mathematical analysis of the solution of the filtration equations [ 1% 131,

Based on the above, | first started with the analytical treatment of the type of fluids; incompressible, slightly compressible and
compressible, reflecting step by step the form of mathematical equations, which will then be combined with the physical and
mathematical context of the equations of continuity, state and movement of fluids to reach the final solution, that of fluid-type
filtration in steady state and isotropic porous media.

Regarding incompressible fluids whose volume does not change with the change in pressure, so their volume and density
remain constant, can write:

g—i =0; Z—‘; =0; (1) V = Vyef = const and p = p,.y = const

Regarding slightly compressible liquids, which show small changes in volume and density in relation to the change in pressure
per unit, that is, when their volume and density do not remain the same as the reference (Initial) volume and density when the
pressure changes, we can write M1

1 oV
C__V*a_P (2)

Based on equation 2, making the relevant substitutions and then integrating it, we will get equation 3 as below:

v M=>6V 6(M)=>6V M 6(1)

= — —_— = | — —_—= ) — [ —

p dP dP\p dapP dP\p

av 1

M x—

oP p?
M p% 0P p OP
p

C_—%*(—M*l*a—p) :l a—p
u p?> 0P p 0P
p

P p
d d d

Crap="L [ceap=[Lo [crap= [ Locu(P =P = (o pry)
Pref Pref

C* (P - Pref) = ln( - ) - L = eC(P_Pref) = P = Pref * eCX(P_Pref)
ref Pref

‘ X x? X"
e = 1+E+E+"'+E
eCX(P=Prep) = 1 + ¢x (P - Pref)

1!
Because the exponent x [which represents the term C = (P - Pref)] is very small, the eX term can be approximated by
truncating equation: e* = 1 +x
By this equaetion will have:

P = Pref ¥ €XPPred or p = p % [1 — (Per — P)] ?)

Where,

V — volume at pressure P

p— density at pressure P

Vyer— Volume at initial (reference) pressure P,

prer — Density at initial (reference) pressure P,..r

It should be pointed out that crude oil and water systems fit into this category 1,

On the other hand, these are fluids whose volume changes a lot as a function of the change in pressure; this category includes
all gases and according to the definition of the isothermal compressibility of gas will have equation 4 as follows:
~ow
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1 o0V
Cg=—v*5 (4)

From the real gas equation of state:

Zxn*Rx*T

PxV=Zxn*sR+xT=>V= P

Differencing the above equation with respect to pressure at constant temperature gives:

ov 0<Z*n*R*T) av RaT x a(Z>
_——— | 5> — = * * [R—
aP ~ ap p ap " P \P
Mathematically the formula is:
0 (y) _ yrX=Xxy
a_x(;)_ x2
From this will have:
0Z P 0Z
ov . prP—5p*Z oV RaT p*P—1+Z v S L
_— * * * —e e > — = * * * — > — = * * ¥ |—*% — — —
ap " p2 ap " pz ap " P 9P P2
ov RTlBZZ] P RT[laZZ
—_— = * | % | —% ——— = ——  xnN*R*xT*x|—%———| &
ap " P P P2l T BT TZansR+T " P 9P P2

The final equation is:

Ce=5-3+ () ®)

Figure 1 and 2 show schematic illustrations of the volume and density changes as a function of pressure for the three types of
fluids 4,

Volume
o
Vi V= Ve Incompressible fluid
\ V2 Ve[
\ C(p- [
¥ Slightly compressible fluid
~
g Ve
L e 1/".1 e.‘rp{(p.“/p)_ ”
----- Compressible fluid (Gas)
Prgt — Pressure “p"

Fig 1: Pressure-volume relationships (4

Volume
L -1 ——
i) expl(P/P) "' — . Compressible fluid (Gas)
p=pulPZF=
- - ’
g )]
’/’ 0=p @u-¢ (s Slightly compressible fluid
/ i
Prei P P Incompressible fluid

Py = Pressure “p"

Fig 2: Fluid density versus pressure for different fluid types [
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2. Methodology

Below, based on the fundamental physics principle of mass conservation, the mathematical treatment of the continuity
equation is given. Considering an elemental volume representative of porous media Fig 3 4, and based on the definition of the
physics principle of mass conservation which describes a relationship of diference between the amount of reservoir fluids
entering and leaving the representative elementary volume (€1, | first wrote the corresponding equations for each direction of
the fluids that will enter this volumetric element.

A
-~ ]) ' [) "
|
|
|
—_— A“" i L 1“‘[ M" —_—
/ W ———
/ dz f
ay
7 dx £
a a 2
X
-\‘

Fig 3: Representative elementary volume (REV) from the reservoir (4

M, =p*Vx*dy*dZ*dt'
M, = p * V) xdy *d, * d; [ > Mass entering volume during interval dt
M, = p *V, *d, *d, *d;]

The mass of fluid that will leave during the time interval dt is the sum of the mass of fluid that flows into this representative
elementary volume of the porous medium and the change caused by this mass of fluid. Based on this below | have written the
three equations related to the removal of the fluid from the three directions as follows:

d
MX+dMX=p*VX*dy*dz*dt+a—x(p*Vx*d},*dz*dt)*dx
a
M, +dM, = p *V, = dy >lsdz*dt+$(p>kl/y>x<d>< xd, * d,) * d,, | > Mass leaving during intervaldt
d
| M+ dM, = p oV, x dxdy wdit o (p <Yy v dy v d) + dz |

Bearing in mind that the change in the mass of the fluid during time dt is; dM = M — (M + dM) then the equations will be as
below:

d
dMX=p*VX*dy*dz*dt—p*VX*dy*dz*dt—a—x(p*Vx*dy*dz*dt)*dx
d
dMy=p*vy*dx*dz*dt_p*vy*dx*dz*dt_a(p*vy*dx*dz*dt)*dy
0
szzp*vz*dx*dy*dt_p*Vz*dx*dy*dt_a(p*vy*dx*dy*dt)*dz
From these equations will have:
5]
dMy = === (p Vo dy +d, +dy * )
4]
dMy=—5(p*V]',*dx*dZ*dt*dy)

d
dMZ=—&(p*Vz*dx*dy*dt*dz)
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dM(motion) =dM, + dMy +dM, - dM(motion) - [,D * Vet px Vy tpx Vz] *dy dy *dz * d;

AM(time) = %(p xQxdy *xdy, xd,)*d,

AMmotion) = WMeimey = =[P * Vi +p ¥ Yy + px V] x d # dy + dz * dy =

= (pr0rderdyxd)vde o =[xV +3-(p* V) + 2 (0 V)| = S[p* 8] = 0 ©)
By multiplying both sides of the equation with the minus sign, we will have:

[V +2-(p* V) + 2 (o V)| = S[p* 8] = 0 @)

This equation is the continuity equation of single-phase fluid, which is also named as the mass conservation equation.
a a a . .

— + — 4+ — = I - Hamiltonian Operator.

dox dy 0z

From this will have:
—_
V(p*V)=—%(p*®)0rdiv(p*V)=—%(p*®) )

Eq 8 is called the continuity equation. Based on the same way by analyzing it step by step | proceeded with the equation of
motion as well as the equation of state for the rock as follows.

In the flow mechanics of porous media, the equation of mation is generally expressed by the flow velocity in the differential
form of Darcy’s law [€], The differential forms of the equation of motion in three directions are:

b= kL Pk 0P k 0P
XT oot Y T u ey % u 0z

—_ — = — — % —

It can also be written as:
Kk k
v=—;*grad(p)0rv=—;*VP 9)

On the other hand, considering the rock elastic compressibility coefficient is defined as [

1 v,
Cf = —— %
v, dp

Where, V; is the apparent volume (containing pores and grains), and V, is the pore volume as well as definition of porosity
Q= “//—P I continued with substitution and integration deriving equation 10 as below:
f

1 dVp d (Vp> do
Cf=__*_=__* — | =—
Ve dP dp Ve apP
o [ 7
Do Po
D =0o+Cex(P—F) (10)

Based on the above equations; the equation of continuity, the equation of motion, the equation of state for the fluid and the
rock, treated in the physical concept and then mathematically step by step in deriving the definitive equation, of each of them,
below will help us to determine the applicable formulas for all three types of fluids in the steady state.

3. Results and Discussion

All the equations that | treated above in the physical concept as well as in the mathematical analysis for each of them starting
from equation 1 to equation 10, as well as taking into account the isotropic porous medium and continuing with the
combination and integration for each of them, will help me below to achieve the goal of this paper.

Based on equation of continuity (8), equation of motioin (9) and conditions for incompressible fluid which are Z—i = 0 and 3_5 =

0 will have:
~gw


https://www.allresearchjournal.com/

International Journal of Applied Research https://www.allresearchjournal.com

0 k 0
V(p*V)=—§<p*o>=>v(p*(—;*vm)=—a@*o)

" 2
v(p*vp)__“‘_“ f"_f’_o_>|72 —o<—>v21>—a—"+‘“’—"+"’—P (11)

ay2 = 0z2
This is the basic differential equation of incompressible fluid for steady state flow in the isotropic porous media.

Regarding the filtration of slightly compressible fluids in isotropic porous media, based on Eq. 9 the following transformation
can be made

C*dP———>fC*d f—pefC*dP—f——>C*(P Py) = In(p — py)

1
C*(P—PO)=ln(p—p0)—>V[C*(P—P0)]=V<lnpﬁ)—>C*l7P=;*Vp—>l7P=p* *Vp
)
N _ B 0P 2 GruxC 9P o 2,19
V(p*pC*Vp) k*at_)Vp PR T i = *6tHVp_R*6t (13)

o*y_*C

Where, X = ﬁ — piezometric conductivity

From a thermodynamic point of view, gas filtration can be considered adhering to isothermal or adiabatic process conditions.
Below | will present the gas equation in the case of an adiabatic process. In the case of an adiabatic process (Constant entropy),
the equation of state based on the adiabatic indicator and the combination of the above equations will be as follows:

V(p*V)———(p*(Z))
k
v=——xVP
u
@*xp dp Q*p dp
\Y VP)=———X—=0=>Vp XVP = —
(p = VP) Kk ot P kot
P Pb P p k Fb -1 1 e
—k——k—>— (—) —>P=—1*pn—)|7P=—1*—*pn *Vp—)V — k—*pn *Vp =
P po Po \po z " 7
Py Py Py
@xu dp 1 xy  dp
P XE—);*—*[V‘D*pn *Vp]_ X E
0

1
h [Vp*pn “vp] 0+ op pren @ru_dp
l7n % -
n K Jac PP ETR T TR X ot

po

1 pyt+1 1 1 _ 1
Vpn xVp =V Vo—=*7 *—+1*pn *p || =VpnxVp
;‘}-1 —+1 n

1 1 1 1

v Vplg-l_l ng*n*(a*”*a—p—)V Vpg+1 ng*n*(b*#*a—p—)
i1 P, k ot n+l Py k ot
n n

- VIV

1
"+1 *n (D * d 1 n *n @ * d
Py p() H 14 (Vpn+1) * po H. P

X—eV
1+n Py k ot n+1_ P,k ot

The final gas flow equation for steady state-flow in the case of the adiabatic process is as follows:
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1 1

= 1 1 1 =
(1+n)*p6‘*q)*u . a_p o 62pﬁ+ azp;+ azp;+ _ (1+n)*pg*®*y . a_p
Pork at ax2 ay2 a2 Pork at

1 1 1

1
vZputt = (13)

For the study of the filtration of fluids in the porous media, it is necessary to know the thermodynamic conditions, in which the
movement is developed, or as it is said differently, the condition of the fluids The basic filtration equations are differential
equations that describe the process of fluid movements in the layer, studying it in space and time. To formulate the basic
equations, we rely on the application of the principles and well-known laws of physics such as: the principle of conservation of
mass, the law of state and the law of force in the process of filtering the fluid in place

4. Conclusion

1. The accuracy of the equations is related to the degree of knowledge of the physical process and its analytical expression
through the above principles and laws.

2. The equation of continuity, motion and state treated above not only in the physical principle but also in detail for each
equation in mathematical analysis and their combination to derive practical formulas, helps in their verification and
accuracy.

3. In the basic equation of the filtration of non-homogeneous (heterogene) fluids and in anisotropic porous media, the
filtration generally has an unstable character and some of the parameters are neglected in the equations due to the
difficulty they present.

4. In this paper, the equations of fluid filtration in steady state in the case of uniformly isotropic porous media are treated.
Based on these equations and the mathematical truth that they present, it can be said that the basic equations of
homogeneous liquid filtration in uniformly isotropic porous media are the most accurate formulations achieved to date for
the filtration process.

. References

Wang L, Wang L-P, Guo Z, Mi J. Volume-averaged macroscopic equation for fluid flow in moving porous media. Int J

Heat Mass Transfer. 2015;82:357-368. Available from: http://dx.doi.org/10.1016/j.ijheatmasstransfer.2014.11.056.

2. Xuel, Guo X, Chen H. Fluid Flow in Porous Media: Fundamentals and Applications. Available from:

https://www.worldscientific.com/doi/abs/10.1142/9789811219535_0002.

Terry RE, Rogers JB. Applied Petroleum Reservoir Engineering. 3rd ed. Pearson Education, Inc; 2015.

Ursin J-R, Zolotukhin AB. Fundamentals of Petroleum Reservoir Engineering. Stavanger; 1997.

Heinemann Z. Fluid Flow in Porous Media. Available from:

https://pure.unileoben.ac.at/files/561552/Fluid_flow_in_porous_media.pdf.

6. Forslund TOM, Larsson IAS, Hellstrom JGI, Lundstrom TS. Steady-State Transitions in Ordered Porous Media. Transport
Porous Media. 2023;149:551-577. Available from: https://doi.org/10.1007/s11242-023-01966-w.

7. Al-Hussainy R, Ramey HJ, Crawford PB. The flow of real gases through porous media. J Petrol Technol. Available from:
http://onepetro.org/JPT/article-pdf/18/05/624/2224305/spe-1243-a-pa.pdf/1.

8. Tego S, Doracaj M. Mekanika e Fluideve (Pjesa e Dyté). SH.B.L.U, Tirané; c2009.

9. Ahmed T, McKinney PD. Advanced Reservoir Engineering. Gulf Professional Publishing, an imprint of Elsevier; 200
Wheeler Road, Burlington, MA 01803, USA; Linacre House, Jordan Hill, Oxford OX2 8DP, UK.

10. Tego S, Ismaili L. Pérpunimi i vendburimeve té Naftés dhe Gazit. “Botimet Barleti”, Tirané; c2023.

11. Ahmed T. Reservoir Engineering Handbook. 5th ed. Elsevier Inc, Gulf Professional Publishing, an imprint of Elsevier; 50
Hampshire Street, 5" Floor, Cambridge, MA 02139, USA; The Boulevard, Langford Lane, Kidlington, Oxford, OX5
1GB, UK; c2019.

12. Dake LP. Fundamentals of Reservoir Engineering. Elsevier Science B.V., Amsterdam, London, New York, Tokyo; c1978.

13. Tego S. Inxhinieria e Rezervuarit. “Botimet Barleti”, Tiran&; c2016.

14. Khlaifat L. Two-fluid mathematical model for compressible flow in fractured porous media. Available from:
http://www.scielo.org.ar/scielo.php?script=sci_arttext&pid=S0327-07932008000300004&Ing=es&nrm=iso.

15. Tego S. Rezervuarét Terigjené. “Botimet Barleti”, Tirang; c2022.

= o

o s~ w


https://www.allresearchjournal.com/

