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Abstract

In this study, we thoroughly investigated circle maps and lift maps and defined continuous functions for
circle maps and their lifts. Some findings regarding the function and its continuity have been
demonstrated. Additionally, some findings based on the continuity of the quotient functions are
expanded. Additional findings on the composition of circle maps with lift maps and the proof of the
continuity of the connected spaces were also made. Set theory-based fundamental conclusions have
been included, which could help in understanding common ideas. Detailed research has also been
conducted using lift maps and circle maps that combine lift maps.

Keywords: Circle maps, lift maps, n function, dynamical systems, continuity of functions and
composition of functions

1. Introduction

Circles play an important role in whatever study they are involved in. The study of circle
dynamics also explains the qualitative characteristics of associated functions, particularly the
continuity aspects. In every study they are a part of, circles are significant. When discussing
circles in IR?, the unit circle, or the circle with radius 1, denoted by S!, is the only one that is
considered. This circle in IR? represents the perimeter of the closed unit disc. Moreover, S?
indicates the closed unit sphere border at the origin in IR3. Similarly, in IR™!, S" represents
the closed unit sphere boundary at the origin. The main focus of this paper is limited to only
IR2,

The unit circle, or the circle at origin with radius 1, which is represented by S!, was the
primary focus of our investigation. To clarify, we can write f: S — S! to represent a circle
map, which is a self-map on S'. A circle map's points are moved around the circle according
to the map's specifications. The continuity of the circle map is presumed in order for the
close points of S!, the domain of a circle map, to stay close when mapped into S!, the co-
domain of the circle map. The study of dynamics focuses on how a body moves or, more
generally, how a system changes over time. In circle dynamics, we study how the points on a
circle move, and we do this by testing a function that is defined on the circle.

To get some meaningful analysis related to circle maps, we need to follow some
methodology. This includes the assumption of the function m: IR — IR?, whose range is
contained in S' i.e. m: IR — S'. Then there are lifts of circle maps. The assumption of
continuity of F (lift map) appears to be a stringent supposition especially in the presence of
the circumstances F is expected to satisfy. Therefore, it ought to be worth studying various
properties of lifts of circle maps without assuming continuity of the lift map. Even so, there
exist certain functions related to circular dynamics whose continuity has importance. This
paper's contents are derived from an analysis of these two varieties of algebraic structure.
Motion occurs through a circle's points in the study of circle dynamics. A function that is
defined on a circle is used to attempt to depict this movement of points. Circle maps are a
type of such functions. Knowing about the continuity of the relevant functions is part of the
study of circle dynamics. A function's continuity at a given location ensures that the function
maps the nearby points as closely as possible to each other. The dynamics of circles and
circle maps have been studied by many researchers.
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This paper has the following layout: Section 2, some basic
definitions related to circle maps, n function, lift maps and
their continuity are included. Section 3, some further
extended results on circle maps and its lifts are illustrated
which includes n function and its continuity properties also
included. Following this, section 4, continuity of the lift
maps theory and some findings related to lift maps are given
involving the analysis of the lift map’s continuity aspect and
its composition with circle maps are presented. Further,
section 5, the concept of composition of circle map with lift
maps is elaborated and some fundamental results have been
given. Section 6, conclusions of the obtained results has
been demonstrated. In the end section 7, references have
been added.

2. Preliminaries
In this section of paper, we have included the basic
definitions of circle map and some other background to
define the mathematical structure of circle map. Lift of
circle map is a continuous function, F: IR — IR, satisfying
certain conditions which are explained as follows:
1) There is, k € Z this way F(x+1) = F(x) + k for each x €
IR and
2) moF=fom
Further, we present various properties of lifts of circle maps
without assuming continuity. A circle map is a continuous
function f: S' — S'. Let I =[0, 1] and for x € IR, €* = cosx
+ 1 sinx, a periodic function that exhibits periodicity 2.
There is a mapping (covering map) m: IR — C that is
described as
n(x) = e¥™* = cos2nx + isin2mx.
Just to mention IR?, the function m(x) can be written in the
form of ordered pair i.e.
n(x) = (cos2mx, sin2nx). Therefore, w is a function from IR
to S!. As n(x + n) = n(x) for every integer n, thus [ is a
periodic function with periodicity 1. Suppose for every
integer n, m: [n, n + 1) = S' is one-one and onto. In
particular, rt: [0, 1) — S! is one- one and onto. If we identify
0 and 1 of [0, 1] then S! can be identified with [0, 1].
The concept of a function w plays a significant role in the
study of dynamics on circle maps. For the function =, it is
sufficient to know the values of © for only the points of [0,
1) as m: [0, 1) — S! can be extended to the whole of IR. We
define f,: S! — S! as fu(cosx, sinx) = (cos(x+®), sin(x+m)),
for a fixed ®, 0 < ® < 2n. Here f» is a circle map.
Correspondingly, if we specify, fo": S! — S! specified as
fio"(cosx, sinx)
= (cos(xt2nw), sin(x+2nw)), is likewise a circle map. Now,
for x € IR, F: IR — IR, define as F(x) = x + ®/2mw, then
n(F(x)) = n(x + ®/21) = (cos2n(x+w/21), sin2n(x+w/21)) =
(cos(Rnx+m), sin(2ax+w)). Now fo(n(x)) = fo(cos2mx,
sin2ntx) = (cos(2nx+m), sin(2nx+w)) gives t o F =fy, o @
this indicate that F is a lift of the circle map fi;. Again, we
define F*: IR — IR, F'(x) = x + o, for every, x € IR, then
(F*(x)) = n(x + ®) = (cos2n(x+m), sin2m(x+m)) and f'(n(x))
= (cos2n(x+w), sin2n(x+m)). Thus F* is a lift of the circle
map fo". Since S! = {(cos2nx, sin2nx): x € IR}, the function
7, maps IR onto the circle S' < IR? or C. Also, n: [n, n+1)
— S! is one-one and onto, for every integer n. In particular,
n: [0, 1) = S! is one-one and onto.

https://www.allresearchjournal.com

3. Circle map and its lift

A circle map can be defined as a continuous function f: S'
— S! and its lift can be thought of as a continuous function
F: IR — IR.

Remark 3.1: Let g: X— X, then for every n € IN,

1) gn+1 — gn og

i) glog=gog"

iii) Consider that H c IR and g: H — [0, 1) < IR. Then, =
o(g+n)=mnogforeveryn € Z.

Proof. (i) We prove this result by induction. For n = 1, we

have g = g o g, which is obvious. Now suppose the result is

true for m i.e. g™ = g™ o g. Now we prove this for n =

m-+1, therefore we have g"?=go g™l =go(g"og)=(go

gMog=g"'og

i) It follows by (i) and the definition of g™*!.

ii) Let the composition maps are, © o (g +n): H — S' and
nog: H— S'. Suppose, x € H. (1 0 (g + n))(x) = n((g
+ n)(x)) = 7(g(x) + n) = 1(g(x)) = (1 0 2)X).

Remark 3.2: Let F: IR — IR then,

i) Forevery,neIN,no(F+n)=mnoF.

ii) Letf: S'— S'beacircle map. IfroF=fomx, thenF =
f* on [0, 1).

iii) Assume a constant k exists such that, F(x + 1) = F(x) +
k, for every, x €

IR, then F(x + n) = F(x) + nk, for every n € Z. Proof. (i)
It follows directly by using Remark.3.1. (iii).

1) Tt follows directly by the definition of f".

2) This can be proved by using induction on n € IN, and
taking n = — m, for some m € IN.

Remark 3.3: Let us consider f: S! — S! be a circle map. If
F: IR — IR is a lift for f. Thus, for everyn € Z, F + n is also
a lift for f.

Proof. For every x € IR, there is some value of k in Z such
that F(x + 1) = F(x) + k. Consider if, F: IR — IR then one
can easily see that F + n: IR — IR is continuous.

Suppose if, x € IR we have, (F + n)(x + 1) — (F + n)(x) =
(Fx+1)+n)—(F(x) +n)=

Fx+ 1) +n—-Fx) —n=Fx+ 1) - F(x) = k. By using,
Remark 3.2. (i), m o (F + n) = m o F. Now by definition of
lift, t o F = f o m. Therefore, t o (F + n)=fon. As a
deduction, F + n is also a lift for f.

Remark 3.4: Let f: S'! — S! be a circle map and F: IR —

IR. Then,

i) F=fon[0,1).

i) F([0, 1)) < [0, 1).

iii) toF=fom.

iv) F(x+1)=F(x)+ 1 for each x € IR.

Proof. Think of a mapping, f*: [0, 1) — [0, 1). Assuming

that, x € IR and x = [x] + r(x). Let's define, F(x) = [x] +

(r(x)).

i) Itis obvious from there that, F = f" on [0, 1).

ii) Consequently, F([0, 1)) — [0, 1).

iii) Considering that, x € IR and 1(x) € [0, 1).

We have, (n 0 F)(x) = (1 o f)(1(x)) = (f o m)(x). Hence the

outcome.

iv) Considering eachx € IR, F(x+ 1) =[x+ 1]+ f(x +1 -
X+ 1) =[x]+ 1+ frx)) = [x] + fr(x)) + 1 =F(x) +

1. Thus the outcome follows.
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4. Continuity of lift of circle maps

Lift of a circle map is a continuous function by definition, F:
IR — IR satisfying certain conditions. Usually, we assume
that F is continuous. But up to a point we can consider lift of
a circle map without assuming continuity of circle map. We
obtain below some properties of a function F: IR — IR
which satisfies the conditions for F to be a lift of a circle
map without assuming the continuity. In particular, F is
continuous from the right for the points of Z if its continuity
on [0, 1) is assumed. Consequently, F is also continuous on
IR-Z.

Lemma 4.1: Assume that F: IR — IR is such that, for every
x €IR, F(x +1)=F(x) +

1. For every n € Z and every x € IR, F(x + n) = F(x) + n.
Proof. For n = 0, the outcome is true. Assume for the
moment that n € IN. On n, we apply induction. According to
the specified condition, it is true for n = 1. Assume that it is
true for m. Taking x + m in the given condition, F(x + m +1)
= F(x + m) +1 = F(x) + m + 1, using the result for m.
Therefore, the result holds for m + 1. Thus, the result holds
for every n > 1. Now consider that n < 1. Then n = — m for
some m € IN. Furthermore, F(x) = F(x — m + m) = F(x — m)
+ m, utilising the outcome for a positive

n. Follows that, F(x — m) = F(x) — m. Hence, F(x + n) = F(x)
+ n for every, n € Z.

Lemma 4.2: Considering that, F: IR — IR and F(x + 1) —

F(x) € Z for each x € IR then,

i) F(x+n)—F(x) € Z for everyn € IN and x € IR.

i) F(x+n)—F(x) € Z foreveryn € Zand x € IR.

iii) Suppose that, F([0, 1)) < [0, 1), then r(F(x + n)) =
F(r(x)) for every n € Z and for each x € IR, particularly,
For=roF.

iv) If For=roF, then F([0, 1)) — [0, 1) and F(x + n) —
F(x) € Z for every x

€lRandn € Z.

Proof.

i) On n, we apply induction. For n = 1, the outcome
remains valid. Assume that for, m, the outcome is true
i.e. F(x + m) — F(x) € Z. Currently, after induction, F(x
+m+1)-Fx)=Fx+m+1)-F(x+m)+Fx+m)-—
F(x). From the above mentioned condition, we have,
F(x + m + 1) — F(x + m) € Z. Using the result for m,
F(x + m) — F(x) € Z. Therefore we have, F(x + m + 1) —
F(x) € Z.

it) If n =0, then the result holds. If n is negative, then n =
—m for some m € IN. Then, F(x + n) — F(x) = F(x — m)
—~ F(x) =~ (F(x) - F(x - m))
= — (F(x — m + m) — F(x — m)). When we use (i) we
have, F(x — m + m) — F(x — m) € Z. Hence, F(x + n) —
F(x) € Z.

i) Considering that, x € IR and n € Z. By applying (i), to
the integer [x] + n and the number r(x), follows that,
F(x + n) — F(r(x)) € Z. Consequently, looking from
above, r(F(x + n)) = r(F(r(x))) = F(r(x)) because F(r(x))
e [0, 1).

ii) Lety € [0, 1). Therefore, F(y) = F(r(y)) = r(F(y)). Since
r(F(y)) € [0, 1), hence, F(y) € [0, 1). Let x EIR and n €
Z. Using above Remark.3.4.(twice) and the given
condition, F(x + n) — F(x) € Z.

https://www.allresearchjournal.com

Remark 4.3: Let x € IR. Then

i) Ifk<x<k+1 thenk=[x].

i) Ifx ¢ Z, then [x] =—[x] - 1;ifx € Z, then [x] =—[-
x].

iii) [x + m]=m + [x] for each m € Z.

iv) (x+m)—[x+m]=x-[x]foreachm € Z.

v) r(x+m)=r(x) foreachm € Z.

Proof. Since, x € IR,

i)  Firstly, suppose that k # [x]. If consider, k < [x] then k
<[x]-1.Now, k+ 1 <[x] <x <k + 1, a contradiction
occurs. Again, if k > [x] then we have [x] < k — 1.
Further, [x] + 1 <k < x < [x] + 1, which is again, a
contradiction. Hence, k = [x].

it) Considering, x € Z, we can write, x = [x] and — x = [—
x]. Further it follows that, [x] = — [~ x]. Again, if we
suppose X ¢ Z. Simultaneously, [- x] <—-x <[-x] + I,
it follows that, — [x] — 1 < x < — [-X]. Therefore, by
using (i), [x]=-[-x] - 1.

iii) Following that, [x] <x <[x] + 1, we have, m + [x] <m
+ x <m + [x] + 1. Hence by using (i), [x + m] = m +
[x].

iv) With the use of (iii), x + m — [x + m] = x — [x].

v) It follows by using (iv).

Lemma 4.4: Considering that, F: IR — IR and F(x + 1) —
F(x) € Z for each x € IR. Then r(F(x + n)) = r(F(x)) for each
x €IRandn € Z.

Proof. By using Lemma 4.2 (ii), we can write that F(x + n) —
F(x) € Z. Therefore, by Remark.4.3. (v), r(F(x + n)) =

r(F(x)).

Remark 4.5: The converse of the Lemma.4.4, also holds.
Let F: IR — IR be such that r(F(x + 1)) = r(F(x)) for each x
€ IR, then

1) F(x+1)—F(x) € Z for each x € IR.

il) F(x+n)-F(x) € Z foreachn € Z and x € IR.

Proof. (i) Following, F(x + 1) = [F(x + 1)] + r(F(x + 1)) and
F(x) = [F(x)] + r(F(x)).

Thus, F(x + 1) — F(x) = [F(x + 1)] — [F(x)] since, r(F(x + 1))
= 1(F(x)) for each x € IR.

Because, [F(x + 1)] — [F(x)] € Z. Hence, F(x + 1) — F(x) €
Z.

(i1) It follows by (i) and Lemma 4.2 (ii).

Lemma 4.6: Let F: IR — IR be such that F(x + 1) — F(x) €
Z for every x € IR. If F([0, 1)) < [0, 1), then r(F(x + n)) =
F(r(x)) for every x € IR and n € Z.

Proof. Let x € IR and n € Z. Since we have, x = [x] + 1(x).
Therefore, r(F(x + n)) = r(F([x] + n + r(x))). Now by
applying Remark 4.3 (iii) to the integer [x]

+ n and the number r(x), we have, r(F([x] + n + r(x)) =
r(F(r(x))). Because, r(x) € [0, 1) in addition to the stated
condition, F(r(x)) € [0, 1). Therfore, r(F(r(x))) = F(r(x)).
Hence, F(r(x)) = r(F([x] + n + 1(x))) = r(F(x + n)).

Remark 4.7: Let F: IR — IR be such that F(x + 1) — F(x) €
Z for every x € IR. F([0, 1)) < [0, 1) if and only if F(r(x)) =
r(F(x)) for every x € IR.

Proof. Let F([0, 1)) [0, 1). Put n = 0 in Lemma.4.6, F(r(x))
= r(F(x)) for x € IR. Conversely, suppose y € [0, 1).
Therefore, F(y) = F(r(y)) = r(F(y)).

Since r(F(y)) € [0, 1). Hence, F(y) € [0, 1).
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Lemma.4.8. Let Y beasectand Hc IR. Letg: H — Y, f:
Y—=YandF:H—H.Iffog=goF,thenf"og=goF"
for every n € IN.

Proof. We prove by induction. It is true for n = 1. Let us
suppose that it is true for m. Now, ™! og=(fo M og="1
o(ffog)=fo(goF")=(fog)oF"=(goF)oF™
=go(FoFm)=goF™!

5. Composition of circle map with lift map
Let f: S'— S'. The function, ! o f o 7 is from [0, 1) to [0,
1). We shall denote n—' o f o 7 by f*.

Remark 5.1: Let f: S'— S! be a circle map and F be a lift
for fwith F: IR — IR. Sinceno F=fon, F=n-'ofon.
Since n—' o fom: [0, 1) — [0, 1) then F = f* on [0, 1).

Lemma 5.2: Let f: S'— S!. Then (f*)"=n"'o "o 7.

Proof. Considering Lemma.4.8, weuse Y =S!, H=[0, 1), F
= f* and g = . Thus, we get © o (f*)" = f* o n. Which
implies that 7! o w o (f*)" = n—! o f 0 . Hence, (f*)" = !
ofom.

Lemma 5.3: Let f: S'— S!. Let F: IR — IR. Then "o n =
moF"

Proof. Take H=IR, Y = S' and g = & in Lemma.4.8, we get
ffor=moF"

Proposition 5.4: Suppose F: IR —IR and f: S'— S'. If fo
n =7 o F, then for each x

€ IR, there exits kx € Z such that F(x + 1) — F(x) = k.

Proof. By definition of m function, n(x + 1) = n(x).
Therefore, f(n(x + 1)) = f(rn(x)). Thus, we have n(F(x + 1)) =
n(F(x)). Now again by Remark 4.5 (i), F(x + 1) - F(x) €

Z. So there exits k¢€ Z such that F(x + 1) — F(x) = k.

Remark 5.5: Consider, f: S'— S' be a circle map. For
given x € IR, let us define F(x) = [x] + f*(r(x)). Suppose if,
x € [0, 1) then we have, [x] = 0. Thus, F(x) = f*(x) on [0, 1).
Considering that, x € IR. Thus, by the use of Remark 3.4
(i), (m 0 F)(x) = n(F(x)) = n([x] + *(r(x)) = n(f*(r(x))).
Therefore, t o F =7 o f*. But m o f* = f o m. Therefore, o F
= f o n. By using definition of F and Remark 3.4 (iii), F(x +
1) =[x+ 1] + f*@(x + 1)) = [x] +1 + *(r(x)). Hence, F(x
+1) = F(x) + 1. Therefore, F satisfies the conditions to be a
lift for f, but F need not be continuous.

6. Conclusion

The above mentioned results are expected to be applied in
future research on point orbits and transitivity of function in
various dynamical systems. There are various subsets of IR
in the aforementioned considerations where the continuous
fractional part function r exists. There may be other subset
of IR on which r is continuous. It is worth investigating to
know other subset of IR on which r is continuous, or to have
some information about such subsets. The theory and some
results relating to lift maps are then presented, including an
analysis of the continuity aspect of the lift map and its
composition with circle maps. Additionally, the idea of
continuity in connected spaces is explained, and some key
findings are presented.

References
1. Birkhoff GD. Dynamical Systems. Vol. 9. Providence
(RI):  American Mathematical  Society; 1927.

8.

9.

10.

11.

12.

~282~

https://www.allresearchjournal.com

(Colloquium Publications). Reprinted in: Collected
Mathematical Papers. Vols. 1-3. Providence (RI):
American Mathematical Society; 1950.

Barge M, Martin J. Dense orbits on the interval.
Michigan Math J. 1987;34(1):3-11.

Brin M, Stuck G. Introduction to Dynamical Systems.
Cambridge: Cambridge University Press; 2002.

Berge P, Pomeau Y, Vidal C. Order within Chaos. New
York: Wiley; 1984.

Birkhoff GD. Moore-Smith convergence in general
topology. Ann Math. 1937;38:39-56.

Devaney RL. An Introduction to Chaotic Dynamical
Systems. 2nd ed. Menlo Park (CA): Addison-Wesley;
1989.

Du BS. A dense orbit almost implies sensitivity to
initial condition. Bull Inst Math Acad Sin.
1998;26(2):85-94.

Michael E. Topologies on spaces of subsets. Trans Am
Math Soc. 1951;71:152-182.

Munkres JR. Topology: A First Course. Englewood
Cliffs (NJ): Prentice-Hall; 1975.

Nagar A, Sharma P. Topological dynamics on
hyperspaces. Appl Gen Topol. 2010;11(1):1-19.
Silverman S. On maps with dense orbits and the
definition of chaos. Rocky Mt J Math. 1992;22(1):353-
375.

Whyburn GT. Analytic Topology. Vol. 28. Providence
(R):  American  Mathematical  Society;  1942.
(Colloquium Publications).


https://www.allresearchjournal.com/

